Trigonometric ldentities and Equations

I. Fundamental Trigonometric Identities
A. Reciprocal identities

1. Sec¢9:L 2. cscé?:L 3. cot@:i

coséd sin@ tan @
B.Quotient identities

1. tanezﬂ 2..cot0:ﬂ

cosé@ sin@

C. Pythagorean identities

1. sin20+cos?0 =1 2. tan2 0 +1=sec? o 3. 1+cot? @ =csc2 6

D. Sum and difference identities
1. sin(@ £ ¢) =sin@cos ¢ = cos@sin ¢
2. €oS(0 £ ¢) = cos@cosg Fsingsin ¢

tand ttang¢

3. tan(@+¢g)=———
(09) 1Ftanftan ¢
E. Double angle identities

1.sin 20 = 2sin@cosé

2. 00520 =cos? 6 —sin?0 =1-2sin%0 =2cos? 9 -1

2tan @

3. tan20 = >
l1-tan< @

F. Half angle identities

L Sinz[gjzl—cose 2.cosz(gj=1+cosg 3. tan? 9 _1-cosd
2 2 2 2 2) 1+coséd
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G. Miscellaneous identities

1.

sin(—@) = —sin g
cos(—6) = cos@

tan(-0) = —tan @

N _
sin@ tsing = 23in(9 ; quCOS(MT(Dj

C0S@ +COS @ = Zcos(e ; (chos(e;pj

C0S6 — oS = —Zsin(ezqusin(e;(Dj

sin@dcosp = %sin(a + @) +%sin(9 - )
. 1. 1.
cosdsing = Esm(& + @) —Esm(e - )

cosf@cosp = %cos(@ + @)+ %cos(@ - )

10. sin@sing = %cos(e—(p) —%cos(9+ Q)

1. tan(gj— sing  1-cosd

H. Useful suggestions for proving trigonometric identities

1.

P w

2) 1+cosf®  sind

Avoid aimless transformations. Any transformation that is made in one of the
members should lead in some way to the form of the other.
. Start with the more complicated member of the identity and transform it into

the form of the simpler member.

Where possible, express different functions in terms of the same function.
It is often useful to express all functions in terms of sines and cosines, or in

terms of tangents and secants.



5. As arule, trigonometric functions of a double angle, a half angle, or the sums
and differences of angles should be expressed in terms of functions of the
single angle.

6. Simplify expressions by utilizing basic identities and combining like terms.

7. Simplify fractions. For example, transform complex fractions into simple
fractions or divide the terms of a fraction by the common factors.

I. Examples

1. Using trigonometric identities and fundamental trigonometric function values,
find each of the following:

(a) sin15° =sin 30 =\/1_COS6OO - \/l_\/_% =\/2_\/§ B -
2 2 2 4 2

(b) cos75° =cos(45° +30°) = cos45° cos30° —sin45°sin30° = [g}[ﬁj -

G |

2 \2 4

(c) 2sin15° cos15° =sin[2(15°)] =sin30° = %

(d) tan15° =tan 80 |__sin30 _ % __1 —2-.3
2 | 1+cos30° 1_,.\/54 2+4/3

(e) cos37.5°cos7.5° = %003(37.5° +7.5%) +%cos(37.5° -75%) =

%cos45° +%COS3OO :(EJEQ]+KEJ{QJ= s

2) 2 2) 2 4




1+secx .
2. Prove: ———— =sinx+tanx

CSC X

l+secx 1 | Secx

o %OSX_ : (}/ Xsiny)_ .
= =sinx+ 4222 =sin x + =sin X+
CSC X CSCX CSCX %inx COS X 1

sin X .
—— =sinx+tanx
COS X

COSX sSinx 2
+ _

3. Prove: — = —
SinX CcosSX Sin2x

cosx sinx _ cosx(cosx) N sinx(sinx) cos? x +sin? x _ 1 B
sinX C€oSX  SinXcosXx sin X cos X Sin X cos X Sin X cos X
2 2
2sin Xcosx  sin2x
sin(x + tan x + tan
4. Prove: — (x+Y) = y
sin(x—y) tanx-—tany
sinx sin sinx sin
—+7y —+—y (cosx)(cosy)
tanx+tany cosx cosy \COSX COSy _
tan x — tan sinx siny sinx  sin
y —-=>—2 [ X sy (cosx)(cosy)
CosX Cosy COSX COSY

sinxcosy+sinycosx _sin(x+Yy)
sinxcosy—sinycosx sin(x—y)

I1. Solution of Trigonometric Equations
A. Useful suggestions for solving trigonometric equations

1. Simplify the equation by clearing fractions, removing parentheses, combining
like terms, and removing radicals.

2. Express functions of a double angle, a half angle, or the sums and differences
of angles in terms of functions of the single angle; then express the different
functions of the single angle in terms of a single function of that angle.
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3. Solve the resulting equation, whether it be linear or quadratic in nature, for all
the values of the angle in the given domain.
4. Checks the results by substituting into the original equation.

B. Examples

1. Solve for x in the interval [0,27) : 2sinx++/3=0

2sinX++/3=0=> 2sinx =—+/3 = sinx = é Get the reference angle

sin‘{?} - %(60"). Since sin x is negative, x lies in the 3 and 4"
oy T amoy AT o o
quadrants. Thus, x = 7(180 )+§(60 )=?(24O ) orx=27(360")—

%(60°) = 5?”(300") . Both of these values do check.

2. Solve for x in the interval [0,27) : cos x = cos x tan x

COSX =cosxtan X = cosx—cosxtanx=0= cosx(1-tanx) =0 =

cosx=0orl-tanx=0=cosx=0 or tanx=1. cosx=0= x=%(90°)
3z o 1 T, o .
or x=7(270 ). tanx =1= reference angle = tan (1)=Z(45 ). Since

tan x is positive, x lies in the 1 and 3" quadrants. Thus, x = %(45°) orx=

5 3T
,0r —

7(180°) +%(45°) = 577[(225°). Thus, the solutions are x = 72

rr
412’

and they all check.
3. Solve for x in the interval [0,27): 2cos3x =1

2c0s3x =1= cos3x :%. Since 0<x< 27, 0<x<67. The reference angle

for 3x is cos‘l(%j = %(60°) and cosx is positive in the 1% and 4™ quadrants.

Thus, 3x = %(GOC’) , 3x = 277(360°) —%(60°) = 5?”(3oo°) , 3x = 27(360°) +



%(60") = %”(420") , 3x = 47(720°) —%(60") - %(660") , 3x = 47(720°) +

7 (60°) = 237 (780°), and 3x = 67(1080°) - = (60°) = 1/% (1020°) =
3 3 3 3
x=£,5—”,7—”,11”,13”,0r17” and they all check.

9'9'9'9 "9 9

4. Solve for x in the interval [0,27) : COS2X = COS X

COS2X =C0SX = C0S2X—CcosX =0= (2cos2 X—1)—-cosx=0= 2c0s? X —

cosXx—1=0= (2cosx+1)(cosx—-1)=0= 2cosx+1=00r cosx-1=0=

1 1 o q(1) ~«
cosx:—z or cosx =1. cosx:—E:reference angle is cos 273 and

. . . . . T
x lies in the 2" or 3" quadrants since cosx is negative = x = 7 — 33 or

x=7z+%=4?ﬂ. cosXx=1=x=0. Thus, x=0,2?”,or4?ﬂ and they all

check.

5. Solve for x in the interval [0,27) : Sin X = COS X

. sin x . _ Vs
sinx=cosx > ——=1= tanx =1= reference angle is tan 1(1) = and
COS X

x lies in the 1% or 3" quadrants since tan x is positive = x = " or X=rm+

% - 57” and they both check.



Practice Sheet — Trigonometric Identities and Equations

I. Verify the following identities:

1) LFECX _ Gy tanx @ tan[Zerj _ _cos2x
CSC X 4 1-sin2x
(3) csc2x = 2% 4) sinz(ﬁj: secx —1
2sin X 2 256G X
(5) CO0S4X —CoS2X _ tan3x

sin 2x —sin 4x

I1. Solve the following equations for all values of x in the interval [0,27 ) :
(1) 3sinx—4="5sinx—3 (2) 2sinxcosx =+/3cos x

3) 4¢0s x—1=0 4) 2c0s® x+3sinx =3

(5) sinx—cosx=1

Solution Key for Trigonometric ldentities and Equations

1+secx 1 secx . y . 1 \sinx .
1. (1) = + =sinx+£805X —ginx+| —— | === | =sinx + tan x
CSCX  CSCX CSCX %inx cosx | 1

sin x
+ 200 .
tan(%)+ BNX  itanx T cogx | COSX+SiNX

(2 tan(—+ xj: = = LD, S — =
4 1—tan(%)tan x l-tanx , SINX  cosx-—sinXx
COS X

(cosx +sinx)(cosx —sinx) cos? x —sin? x COS2X

(cosx —sinx)(cosx—sinx)  ¢os? x — 2cos xsin x +sin x  1—Sin2x




(3)

(4)

()

- (1)

()

(3)

(4)

()

1 1 1 1 s Sec X

CSC2X = — =— =—. =———.SeCX =
sin2x 2sinXxcosx 2sinXx cosx 2sinx

~ 2sinx

1-cosx 1  cosx
Sinz[szl—cosxz cosx _ cosx cosx _ Secx-1

2 2 2 25eC X 25ec x
COS X
o [4x+2xj3in(4x—2x}
COS4X—COS2X 2 _ —2sin3xsinx
sin2x—sin4x . (2x—4x 2x+4x)  2sin(-x)cos3x
23|n( Jcos(z j

—2sin3xsinx _ sin3x

- = = tan 3x
—2sin Xcos3x  cos3x

3sinx—4=5sinx-3=sinx= —%: X :%% and they both check.

3z
2

25inxcosx:\/§cosx:>sinx:§ or cosx:0:>x:%,2?7Z or x:%,

and they all check.

27 4 Sr

40032x—1:0:>cosx:i£:>x=£,—,—,—
2 3 3 3 3

and they all check.

2c0s% X +3sinx=3= 2(1—sin2 X)+3sinx=3= 2sin? x—3sinx+1=0=

(Zsinx—l)(sinx—l)=0:>sinx=% or sinx=1:>x=%,%[ or x=% and

they all check.

2

sinx—cosx =1=>sinx =1+cosx = (sinx)? = (1+cosx)? = sin x =1+

2 2 2 2

X=2C0S“ X+2c0sXx=0=

2cosx(cosx+1)=0=cosx=0 or cosx:—lzx:%,g?ﬂ or X=r.

2C0SX+C0S“ X=1-c0s“ Xx=1+2C0S X + COS

X = % or X =z are the solutions because they both check. However, x = 37”
does not check in the original equation and thus is not a solution. [Note:

37 . . . ..
X = 7” IS an extraneous root created by squaring both sides of the original

equation.]
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