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1. Introduction
In this paper, we consider the boundary value problem

—Au=¢gw)u™® in £,
u=0 onds2, (1.1)

where 2 c R is a bounded domain, ¢ is a nonnegative function in L*(£2) such that ¢ > 0 on some subset of £ of
positive measure, g : [0, c0) — R is continuous, and o > 0.

We consider two cases. The first case assumes that g(s) is positive and that f(s) =s %g(s) is roughly S-shaped in the
sense that % rises from the origin to a maximum and then descends to a minimum before rising again. Alternatively, the
geometry of the nonlinearity can be captured by bounding g(s) above, then below, and then above again as s increases. This
latter description is similar to that used in [9]. We prove the existence of three positive solutions. Our theorems generally
extend results and methods for the nonsingular positone problems found in [1,2,7,9,11,14]. We also employ results and
methods from the study of existence and uniqueness for singular problems where g = 1. For example, see [10,13,12,18].

The second case assumes that g(0) < 0, g is eventually positive for s > 0, and 0 < o < 1. We prove the existence of
at least one positive solution under suitable conditions. Our theorem generalizes the nonsingular semipositone results and

methods in papers such as [3] and [4]. To obtain a positive subsolution we modify a construction found in [13]. We note that
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there have been a number of recent results regarding singular semipositone problems also referred to as infinite semipositone
problems. For example, see [15] for the single equation Laplacian case and [16] for systems involving the p-Laplacian.

In Section 2 we consider the positone case and in Section 3 we consider the semipositone case. Our method of proof is
to truncate the problem, apply the method of sub-super solutions to the truncated problem, and then return to the original
problem via a limit.

2. The singular positone case: Multiplicity result

Theorem 2.1. Suppose there exist constants a, b, ¢ such that 0 <a < b < Mb < ¢, where M > 1 will be defined later. Let g : [0, c0) —
(0, 00) be a positive continuous function satisfying

(G1) g(s) < (2)** ! foro<s<a,
(G2) g(s) > A*b*™! for b <'s < Mb, and
(G3) g() < (£ foro<s <,

where m and A* will be defined later, ¢ is as described above and « > 0. Then (1.1) has at least three positive solutions.

A simple example that satisfies the given hypotheses is given by the following.

Bs_
Example 1. Consider g(s) = Ae#+s where A > 0 and 8 > 0 are parameters. Since g is monotonically increasing, to satisfy
(G1)-(G2), it is enough to find a and b (b > a) such that

pa —pa
o hePH < (L)@t or ) < (Lya+lga+leFia and
Bb —pb
o reF > A*p*t] or )} > A*pOtleR,
One can visualize a and b as the critical points of Q, which are
B, V-4B+ P
—1+-xx— |
2 2
/_ 2 /_ 2
so that a=[-1+ g - %]5 and b=[-1+ g + #]ﬂ. It is easy to see that

1 —pa 1 1
lima=1 = ——a*leFa > -
B— 00 ma+l ma+1 e

and
—pb
b=0(p?) asp—oo = A et 0.
Therefore, we can choose 8 large enough so that
—Bb 1 —pa
Aq = A*p*Herrs < Wa““eﬁﬂ = Aj.
Then (G1)-(G2) are satisfied for A € (A1, Ap). It is then trivial to satisfy (G3) for large c.

To prove Theorem 2.1, we will use the following three-solution theorem by Shivaji (see [17]). Note that by uj < u; we
mean that u; < up and uq # us.

Lemma 2.2 (Three-solution theorem). Let u1 be a subsolution, u, a strict subsolution, Uy a strict supersolution and u; a supersolution

of
—Au=h(x,u) inS2,
u=0 onasf2, (2.2)

where h is a smooth function, such that uq < iy <1y, U1 < Uy < il and up & Uy. Then (2.2) has at least three distinct solutions u;,
i=1,2,3suchthatus <ui <uz <uz <uUp.

Remark 1. The proof of this lemma also shows that u3 € [uq, ]\ [u1, u1] U [u2, 2] and this fact is crucial in our analysis.

Remark 2. The smoothness condition of this lemma can be generalized to allow an LP-Caratheodory function h(x, u) with
p > N. See [5] for details.

We study the following auxiliary problems to define the constants that appeared in the statement of the theorem as well
as to find appropriate functions needed in the construction of sub and supersolutions.
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2.1. Auxiliary problems
First consider the problem

—AY =Aph(Y)y¥ ™% in £2,

¥ >0 in £,
Y =0 on 9, (2.3)
where
1, s>1,
h(s)_{o, s<1.

In the next four lemmas we establish that there exists a smallest A > 0 for which (2.3) has a solution by using a standard
sub-super solutions method and comparison principles.

Lemma 2.3. There exists A > 0 such that (2.3) has a solution.

Proof. Let £21 CC £2 be such that [£21 N {¢ > 0}| > 0 and let xp, be the characteristic function on §21. Then the problem

—AY =9y “xe, in2,
Y =0 onag, (24)
has a positive solution, due to del Pino [6], say . Let d > 0 be such that diy > 1 on £21. Then
—A@dy) =d¢y ™ xo, =d“M(dY) " xo, <d“HHWY)“hdY).
This shows that ¥ =dy is a subsolution of (2.3) with A = d*+1, Now let i be the solution of
—AY =d*Tl¢ in 02,
Yv=0 ondf.
Then
—AY =d*lg >d*Tph()y
holds in £2 and therefore ¥ is a supersolution of (2.3). Moreover,
—AE =da+1¢ > da+]¢h(ﬂ)£_“ > da+l¢f_a)(91 =AY,

Thus, by a standard comparison argument, we have v > ¥ in £2. Since Y=0= ¥ on 942, it follows that (2.3) has a solution
for A=d*t!. O

Lemma 2.4. If (2.3) has a solution for some Ay > 0, then (2.3) has a solution for any A > A1.

Proof. Suppose (2.3) has a solution for some A > 0, say ¥4,, and let Ay > Aj. Then
—A®Wa,) = A1oh(Wa)V® < Asdh(ya) vy

Thus 4, is a subsolution of (2.3) corresponding to Aj. It is easy to verify that a solution of —A(¥) = Ax¢ with zero
boundary condition is a supersolution of (2.3). An argument similar to that in previous lemma shows that ¥4, <V in £
and therefore (2.3) has a solution for Ay, say va,, such that ¥4, < ¥4, < . Since Ay > Aq is arbitrary, the lemma is
proved. O

Lemma 2.5. There exists A1 > 0 such that if (2.3) has a solution for some A, then A > A1.

Proof. Let y be the positive solution of —Ay = ¢ with zero boundary conditions and choose A < m Let ¢4 be a positive
solution of (2.3). Note that 4 is clearly nonnegative, and —Avy4 = Aph(¥a)y ;% < Ap = —A(Ay) and so, by a comparison
argument, ¥4 < Ay <1 in £2. Thus h(y4) =0, and so —Ay4 = 0. Hence we must have 4 = 0. The lemma follows with

_ 1
Ar=po- O

Lemma 2.6. Let A* = inf{A > 0: (2.3) has a solution}. Then (2.3) has a solution for A = A*.
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Proof. Let A, \( A* and let ¥ny1 < ¥, be the corresponding sequence of solutions. By monotonicity, the pointwise limit
Yax(x) = limp— o0 ¥ (x) exists and hence

Andh(Yn) (W)™ — A*h(Yas) (Yae) ™

pointwise, where we have used the fact that h is continuous from the right. Since A¢h(y)y~% is uniformly bounded, we
can apply standard regularity and imbedding theorems (see, for example, [8, Theorems 7.22, 9.11 and 9.15]), to derive a
subsequence such that v, — 4+ in C17 for some y € (0,1) and 4+ is a solution of (2.3) with A= A*. O

Let ¥4+ be the solution of (2.3) with A= A* and let M = ||{/4*||c0. Note that M > 1. In fact M > 1. This follows from
the fact that ¥4+ is harmonic on the set {x: 0 < {4« < 1}, and that there must be a point xo € {x: ¥4+ =1} and a
ball Be(x1) C {x: 0 < ¥a+ < 1} with X9 € dB¢(x1). By the Hopf maximum principle it follows that V4« (xg) # 0 and so
Yax(xo) =1 is not a local maximum.

Finally, consider the boundary value problem

—Az=¢z % in £,
z=0 on a2, (2.5)

where ¢ is as described earlier. It was shown by del Pino [6] that (2.5) has a unique positive solution z € C17 (£2) N C%(2)
for some 0 < y < 1. Define m = ||z|| 0.

We state and prove a simple lemma that is crucial in applying the three-solution theorem as well as in the later proof
that the limiting solutions are indeed distinct.

Lemma 2.7 (Comparison lemma). If there exists a constant R > 0 such that —Aw = Rgw~% in 2 and —Av < Rpv~—% in 2 with
v<wondf2, thenv <win $2.
Proof. Let 2/ = {x: w < v} so that w=v on 9£2’. Then

—AV< ROV ¥ <Rpw ¥ =—Aw in 2'.

This gives v < w in £2’, a contradiction. O

2.2. Truncated problem

Recall that f(s) = g(s)s™“ and let {€,} be a decreasing sequence of positive real numbers such that lim,_, », €; = 0. For
convenience we assume €1 < b. Since lim,_, o+ f(s) = oo, without loss of generality, we can assume that f(e;) < f(€p+1)-
For each n e N, let
f(s), S > €n,
min{f (€n), f(5)}, s <én.

For each n € N, consider the truncated problem

fn(s) = {

—Au=¢fa(u) in £,
u=0 onds2. (2.6)

Now we construct sub and supersolutions of the truncated problem, using functions from the auxiliary problems discussed
earlier, satisfying the hypotheses of the three-solution theorem.

Lemma 2.8. u; = 0 is a subsolution of (2.6).
Proof. Since ¢ f; > 0, we have that —Au; =0 < ¢ fr(u1) in £2. This proves the lemma. O
Lemma 2.9. uy = by 4+ is a strict subsolution of (2.6).

Proof. Since 14+ is zero on the boundary, 32, we only need to show that
—Auz <¢fr(uz) in £2.
Indeed,
—Auz = AbPh(Ya) (Ya) ™ = A h(Ya) (byias) ™ = A*b*H ph(ua/b)(uz) ™.
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If up/b <1, then —Auy =0 < ¢ f(brax). On the other hand, if up/b > 1, then h(uy/b) =1 and b < up < Mb. Since €, <b
we have f(s) = fy(s) for s > b. Using (G2), we have
—Aup =< ¢ fr(brar)
as desired. Hence —Auy < ¢ fr(uz) in 2 for alln. O

Lemma 2.10. u; = %z is a strict supersolution of (2.6).

Proof. Using (G1), we get

a+1 —o —o
—Aﬂ1=¢%z—“=¢%(%z) >¢g(%z)<%z> =¢f(n%z)=¢f(ﬁl)~

But f > f, for all n € N. Thus —A(u1) > ¢ fr(u1) as desired. O
Lemma 2.11. u; = %z is a supersolution of (2.6).
Proof. The lemma follows using (G3) and an identical argument as in the proof of the previous lemma. O

Now we verify the hypotheses of Lemma 2.2 to get three solutions of the truncated problem for each n € N. Clearly
a _
u1=0<—z=1u;
m
and since a < ¢, we have
_ a c _
U1 =—z2< —zZ=1Uj.
m m
Clearly u; =0 < b4+ = up. Next, we wish to show up = biya+ < %z =1uy. We have

—Auy = —A(byrar) =bA*ph(Yas) (Yax) ™.
If Y4+ <1, then —A(byax) =0 < £¢$z~% = —A(52). On the other hand, if ¥4+ > 1 then

a+1
—Abya) = b TTA* G (D) < ¢(%) (byrae) .

The last inequality holds since (G2) and (G3) together imply that we must have b*+1A* < (%)0‘“. Then Lemma 2.7, together
with the fact that ||uz|| = Mb < ¢ = ||uy||, implies that u; < u; as desired. Finally, since ||u1|| =a < b < ||uz]|, we must have
iy # up.

Thus by Lemma 2.2, for each n € N, we have three solutions, uyj, i =1, 2,3, of (2.6) where 0 < uy; < uq and up <
upy < Up. The third solution uy3 belongs to the set [0, uz]\ ([0, u1]U [uz, uz]).

2.3. Proof of the theorem

We will now prove that the solutions of the truncated problems converge to solutions of the original problem and that
the limiting solutions are all distinct.

Lemma 2.12. Solutions of (2.6), {un;} fori =1, 2, 3, as obtained in previous section, converge to solutions of (1.1)in C1(£2) N C(2).

Proof. Let § > 0 such that g(s) > 6§ Vs > 0 and i € {1, 2, 3} be fixed. Then —Aup; > 8¢>u;i°‘ for every n, and so, by Lemma 2.7,
Up; > w where w is the positive solution of

—Aw=5w¥ in £,
w=0 onos.

Hence w(x) < upi(x) < uz(x) Vx € £2 and Vn. It follows that {uy;} is uniformly bounded and is bounded below by the positive
constant infos w on any compact subdomain 2’ of £2. Hence { f;(uni(x))} is uniformly bounded on compact subdomains of
£2. Using standard regularity and embedding theorems (see [8], as cited before) we conclude that, without loss of generality,
uni converges to some u; in C't#(£2’) for some p > 0. By a diagonalization argument we can say that, without loss of
generality, this convergence holds on every 2’ CC £2. Since w = ui; =0 on the 32 and w < uy; < U we can also conclude
that up; converges to u; in C(£2). It is now clear that u; is a solution of (1.1). O

Therefore we have three solutions, u;, i =1,2,3. Notice that 0 < u; < %z; bya+ < uz < 5z and hence u; # uy since
I %z” =a < b < ||b¥a|. Thus the next two lemmas complete our proof.
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Lemma 2.13. u3 # uj.

Proof. Suppose us =uq so that up3 — uq. Then 0 < up3 < a for large n so that g(un3) < (%)"‘+l holds. Thus, for large n,

a+1
_ a _ a
—Aupz = ¢ fn(Unz) < ¢g(Un3) (Un3) ™% < ¢(a) (un3) ™% = _A<EZ>-
Thus by Lemma 2.7, uy3 < %z, a contradiction to the fact that u,3 must lie above 17 at some point. O
Lemma 2.14. u3 # uy.

Proof. Suppose us3 = uy so that uy3 — uy. Since uy > uy, for large n there exists € > 0 such that up3 > b+ € on {x € 2:
up > b}. On the other hand, since up3 must lie below u; at some point, the set 21 = {x: u > uy3} is nonempty with
Uy = Up3 on 8821. If x € £21 such that uy < b, then —Auyz > 0= —Auy. If x € 21 such that uy > b, then €, <b < up3(x) <
Uy (x) < Mb, so fr(un3) = f(Uun3) > A*b”“g;"‘, and it follows that —Auys > —Auy. Therefore, uy < up3 on £21, a contradic-
tion. O

3. The singular semipositone case: Existence result

In this section we use similar methods to prove the existence of at least one positive solution for the problem

—Au=¢gw)u™® in £,
u=0 onads2, (3.7)

where 2 c RN is a smooth bounded domain, 0 < @ < 1, ¢ is a bounded nonnegative function which is positive on a subset
of positive measure, and g : [0, c0) — R is a bounded continuous function such that g(0) < 0.
Since g is bounded and g(0) < 0 it is trivial to find a positive constant C > maxs>o g(s)s~®. Let u be the solution of

—Au=¢C in £,
u=0 onds2. (3.8)

It is clear that u serves as a supersolution for (3.7) and that, by a simple comparison argument, u will lie above any solution
or subsolution of (3.7). Moreover, it will be clear that u will play a similar role for all of the truncated problems described
below.

The nontrivial part of the argument is to identify a positive subsolution. To do this we combine ideas and computations

from [7] and [13]. In brief we will use u = w”, where A = wiﬂ > 1 and where w is the positive solution of

—AwW =¢xgo in £2,
w=0 on a4, (3.9

where 2 CC £2 and yg is the standard characteristic function. In order to guarantee w > 0 in £2 we need to have ¢ >0
on a subset of £’ with positive measure. This will be clearly satisfied in the context below. Problems of this sort are
investigated in some depth in [7] where it is shown that a careful study of (3.9) can lead to sharp bounds for existence
theorems. The technical difficulty in the present case lies in obtaining a positive lower bound on |Vw| in the region £2 \ £2’
where w is harmonic. In [13] a similar subsolution construction was used for a different type of singular problem. In that
case the authors chose w to be a multiple of the principal eigenfunction of —A with zero Dirichlet boundary condition.

Let 2 :={x€ £2: d(x,382) > €}, where d(x, 3£2) represents the distance from the point x to the boundary 92. Let w,
be the positive solution of (3.9) with 2’ = Q2. Since ¢ x, converges to ¢ x in LP(£2) for any p € [1, c0) it follows that,
without loss of generality, we — wq in C!(£2), where wy is the positive solution of

—Awg=¢ in £2,
wo=0 on 952. (3.10)
Let § := min{|Vwo(x)|: x € 382} > 0. Let € > 0 such that min{|Vwe(X)|: x € 2\ 2} > % Let d := min{we(X): x € 2¢}
and let D := max{we¢(x): x € 2¢}.
Note that a simple estimate yields w¢ > %e on d82¢ and it follows by the maximum principle that this estimate extends

to all of 2¢ so d > Je.
Now we are prepared to state the existence theorem.

Theorem 3.1. Assume that g : [0, 00) — R is a bounded continuous function with g(0) <0 and 0 < « < 1, and let A = =2 If

at+l”
gish) > — A%;ﬁ:fz :=—K on [0,d], and if g(s*) > As on [d, D], then (3.7) has at least one positive solution.
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Bs
Example 2. Consider g(s) = [e1+s — (K + 1)], where 8 > 0 is a parameter. Then g(0) = —K, and, since g is monotone
Bt
increasing, we have that g(s) > —K on [0, d]. Now choose 8 large enough so that e1+¢* > AD + K + 1. This guarantees that
g(s*) > s on [d, D]. Therefore, the hypotheses of Theorem 3.1 are satisfied for 8 large.

Proof. Let f(s) := g(s)s~% and for each n € N, define

fu(s) =17 s> én,
T | max{fen), f(9)}, 0<s<e,
where {€;} is a decreasing sequence of positive real numbers such that lim,_, ., €; = 0. Note lim,_, g+ f(s) = —o0, so each

fn = f(en) on some interval (0, €], and so f, can clearly be extended to have the value f(e,) at 0.
We will show that the truncated boundary value problem

—Au=¢fa(u) in £,
u=0 on ds2, (3.11)

has a positive solution by constructing a positive subsolution and an appropriately ordered supersolution. For notational
convenience we let x4 denote the characteristic function over {x: a < we < b}, where € > 0 is as described earlier and
fixed. Then u := w? satisfies

—A(WE) = =20 = DWE2 | Vwe 2 + apwi T x o,

82 ¢ _ _
<20 =D 2 (WE) " xp0.0) + Apwe (WE) ™ X,y
4 |l¢lloo
52 1 a0
=¢| —A(A —1)— ——— xj0.d1 + *We X1a.01 | (W])
4 ||¢lloo

< opg(we)(we)™
for each n e N.
Thus u := wé is a subsolution of (3.11) for each n. Also u, solution of (3.8), is a supersolution of (3.11) with u < u. For
each n e N, let u, be a solution of (3.11) lying in the order interval [u, u].
Note that on compact subdomains of £2 we have an L* bound on {u,} and we have a strictly positive lower bound.

Standard regularity arguments show that, without loss of generality, u, converges to a positive solution u of (3.7) in
cl2)yNCc(R2). o
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