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Abstract

Justin M. Allman

ACTIONS OF FINITE DIMENSIONAL NON-COMMUTATIVE,
NON-COCOMMUTATIVE HOPF ALGEBRAS ON RINGS
Thesis under the direction of James Kuzmanovich, Ph.D.

In 1954, Shephard and Todd [20] showed that if A is a polynomial ring and G is
a finite group acting as automorphisms on A, then the ring of invariants A% = {a €
Alg-a = a, Vg € G} is again a polynomial ring exactly when G is generated by
reflections. The major goal of this thesis is the computation of several examples en
route to a conjecture for an analogous result regarding the ring of invariants for some
class of “nice” algebras under finite dimensional Hopf algebra actions.

We begin with an introduction to the general study of Hopf algebras and their
basic properties, then explain why they are a natural choice to generalize the action
of finite groups on rings. We then show that in order to generalize existing theories,
we must consider actions of “nontrivial” Hopf algebras, in particular, those that are
not isomorphic to group rings or their duals. We compute several examples of such
actions, and in particular, we prove that there are no actions of nontrivial semisimple
Hopf algebras with dimension less than or equal to 15 on polynomial algebras.



Chapter 1: Algebras and coalgebras

Much of the material in the introductory chapters, 1 and 2, covering basic con-
structions, results, and examples of algebras, coalgebras, bialgebras and Hopf alge-
bras, is an amalgam of material found in Dascalescu, et. al. [4], Montgomery [18],
and Sweedler [21]. In many cases, we expand on these texts, either providing simpler
proofs which emphasize only what is necessary for the purpose of this thesis, or give

explicit calculation and verification for much of the “folklore” of the subject.

1.1 Definitions and examples

Let k£ be a field. All vector spaces and tensor products are assumed to be over k.
Throughout we will assume the reader to be familiar with concepts of the tensor prod-
uct of two vector spaces and many properties of algebras over the field k. At certain
points, we will restrict our discussion to algebraically closed fields of characteristic
zero, and in fact, simply to C. We begin by presenting the traditional definition of a

k-algebra.

Definition 1.1.1. A unitary ring A becomes a k-algebra with the structure map ¢ :

k — A, a unitary ring morphism, such that the image of ¢ is contained in the center

of A.

In order to dualize the notion of an algebra, we give an equivalent definition using

commutative diagrams.

Definition 1.1.2. A k-algebra is a triple (A, M, u) where A is a k-vector space, and

M:A®A— A u:k — A are k-linear maps such that the following diagrams are



commutative:
MI
ARARA © AR A
I M M (1.1)
AR A A
® M

(1.2)

ke A A ARk
We have used I to denote the identity map on A, while the unadorned arrows are the
canonical 1somorphisms given by scalar multiplication. The maps M and u are called

the multiplication and unit, respectively, of the algebra A.

Remark 1.1.3. Note that diagram (1.1) ensures that the multiplication of A is
associative. Also, using diagram (1.2), if A € k such that u(\) = 0, then for any
a € A, we have

Mo(u®@I)(A®a)=M(0®a)=0.

Thus, by the commutativity of (1.2), Aa = 0 for all a € A and therefore u is injective.

Also, since
Mo (u® (1 ® a) = u(lg)a = a, and
Mo (I®u)(a® 1) = au(ly) = a,
we see that u(ly) = 14. Note that we have shown the statement u(1l;) = 14 is

equivalent to the commutativity of (1.2) and hence u is an embedding of the field k

into A. Thus, u(k) C Z(A).



Therefore, Definitions 1.1.1 and 1.1.2 are equivalent. The map M endows A with
the structure of a unitary ring with 14 = u(1;). The role of the map ¢ is simply
played by u. Conversely, if we have a unitary ring with structure map ¢, we define

the map M by z ® y — xy and let u = ¢. [ |

Now, simply by reversing the arrows in Definition 1.1.2, we obtain the dual structure

of a k-coalgebra.

Definition 1.1.4. A k-coalgebra is a triple (C,A,e) where C is a k-vector space,
and A : C — C®C, e : C — k are morphisms of k-vector spaces such that the

following diagrams are commutative:

C A CwC
A I®A (1.3)
C8C——Fs—reCoCal
I Yep
AN (1.4)

cCeC
The maps A and € are called the comultiplication and counit, respectively, of the
coalgebra C. Alternatively, we sometimes refer to the counit as an augmentation

map. We call the commutativity of diagram (1.3) coassociativity.

Now we give several examples of algebras and coalgebras, the second of which, the

group algebra, will be our prototypical example throughout this text.



Example 1.1.5 (The Group-like Coalgebra). Let S be a nonempty set. Denote by

kS the vector space formed using S as a basis. Then kS becomes a coalgebra via
A(s) =s®s, and e(s) =1

for all s € S. First, we check the coassociativity:

(IRA)oA(s) =sRA(s) =s®R(s®s8)=(sRs)Rs=A(s) s =(A®1T)oA(s).

The counit property is easily verified as well. [ |

This shows that any k-vector space can be endowed with a coalgebra structure. Now,

we introduce a very important example.

Example 1.1.6 (The Group Algebra). Let G be a multiplicative group. Denote by
kG the group algebra which has G as a basis for its vector space. The multiplication
of kG is the obvious one, induced by the multiplication of G and extended linearly.
The unit map is given by u(a) = alg, for all a € k. Additionally, we can endow
kG with the structure of a coalgebra by using the preceding example, letting S = G.
Later, we will be very interested in objects, such as kG, which can be simultaneously

endowed with the structure of an algebra and coalgebra. |

Example 1.1.7 (The Trigonometric Coalgebra). Let C' be the k-vector space with

basis {s,c}. Then define comultiplication A and counit £ by

Al(s) =s@c+c®s, e(s)=0
Ale) =c®c—s®s, g(c)=1.

This forms a coalgebra, with a resemblance to the angle sum formulas. Since we
may extend our results linearly by the basis elements, we must only check that the

comultiplication is coassociative on s and c¢. Further, we must check that diagram



(1.4), the counit property, holds for both s and c. Below are the details for c:

(& A)o A

=l ®A)o(c®c—5s®s)

=R (cRc—sRs)—sV(sRc+c®s)
=CRQCRC—sSR®SRVC—5sRVCRS—CcRSRS
=(®c—5Rs)Rc—(s®c+c®s)® s
=Alc)@c—A(s)® s

=(A®1I)oA(c).
Now we check the counit property; that is,

(e®@I)oAlc)=c(c)®c—e(s) ®s=1®e¢, and

(I®e)oAlc) =c®e(c) —s®e(s) =c® 1.
The computations for s are similar. [ |

Example 1.1.8. The field k is a coalgebra with comultiplication defined by A(\) =
A ® 1, the canonical isomorphism, and counit € = I. Note that this is a special case

of Example 1.1.5 when S is a set of only one element. [

Before introducing the next examples, we need to define a linear map which will be

utilized throughout.

Definition 1.1.9. Let V and W be k-vector spaces. The k-linear map T : V QW —

W @V defined by v @ w +— w Q v, is called the twist map.

Example 1.1.10 (The Opposite Algebra). Let (A, M, u) be an algebra. The op-
posite algebra (A% M° u) has A as its underlying k-vector space but the twisted
multiplication:

M?(x®y) = (MoT)(z@y).



It is not difficult to check A° is an algebra. [ |

Example 1.1.11 (The Coopposite Coalgebra). Let (C,A,¢) be a coalgebra. The
coopposite coalgebra (C? AP ¢) has C as its underlying k-vector space but the

twisted comultiplication:
AP(c) = (T o A)(c).

Again, the verification is straightforward. [ |

Example 1.1.12 (The Tensor Product of Coalgebras). Let (C, Ag,e¢) and (D, Ap,ep)
be coalgebras. We claim that the tensor product, C'® D becomes a coalgebra by the

following maps:
Acd)=IT®I)o(Ac®Ap)(c®d), and e(c ® d) = ec(c)ep(d).

We postpone the verification of this example for the next section since it motivates a

method of simplification for the unwieldy calculations in a coalgebra. [ |

1.2 Computation in coalgebras, sigma notation

It is clear that computations in a coalgebra will be more difficult than those in an
algebra. When the comultiplication is applied to a single element, it expands into a
finite sum of pairs of elements. In the case of algebras, we may expand by induction the
notion of associativity to as many multiplicands as possible, so that the multiplication
produces unique results. It is natural to inquire whether or not an analogous property
holds for coalgebras. To investigate this, let (C, A, ¢) be a coalgebra and recursively

define the sequence of maps, {A,},>1, by:
A=A, A,:C—-C®---®C (with C appearing n + 1 times),

A=A oA,_y, forn>2.



The following proposition dualizes the desired notion to coalgebras. We will call this

property generalized coassociativity.

Proposition 1.2.1. Let (C, A, ) be a coalgebra. Then for anyn > 2,5 € {0,1,...,n—

1}, the following equality holds:
Ay=(PARI" oA,

Proof. The proof is by induction on n. Notice that for n = 2 we must show ([ ®
A)oA = (A®I)oA, but this is just the commutativity of diagram (1.3), that is,
coassociativity. Now, we assume the equation holds for n and let j € {1,... ,n}.

Then,

(P A®I" oA,

=(F@AQI" N o(F'@ARI" ) oA,

=P '@ (I®A) o A)@I" ) oA,y

=@ (A®D)oA)®I" ) oA,

:(Ij—l QA® [n—j+1) o (]j—l RA® In—j) oA,

= 'oAx ™) oA,
Where we have again made use of the coassociativity in the fourth line above. So
we have “shifted” the comultiplication by one place. Notice that if j = 0 then

A, =(F®A®I" ) oA, 1, by definition. The result follows by induction on
J. |

In practice, this tells us that if we are to apply A to a ¢; in the string A,,_1(c) =
€1 ®cy® -+ ® ¢, in order to obtain A, it is irrelevant which term we choose to
expand, our answer is always unique. This fact allows us to make use of a very helpful
notation, introduced by Heyneman and Sweedler [7], when performing calculations in

a coalgebra.



Notation 1.2.2. Let (C, A, ¢) be a coalgebra. In general, we could write the comul-

tiplication applied to the element ¢ € C' as

Ale) =) i @ ca.

Because we wish to emphasize mostly the form of the element A(c) € C ® C, we

simply suppress the subscript ‘2’ and denote for any c € C

Ac) = ch ® Co.

We call this convention the sigma notation. Furthermore, generalized coassociativ-

ity allows us to write unambiguously for any ¢ € C,

C):ZC1®"'®Cn+1-

We now present some formulas making use of the sigma notation to aid in our calcu-

lations.

Facts 1.2.3. Let (C, A ¢€) be a coalgebra and c € C. The following are reformulations

of the coassociativity and counit properties.

(1) (Coassociativity) As(c Z Ale)) ® ey = Z c1 @ Alcy) Z 1 ®cy® s

(77) (Counit) 26(01)62 = 2618(02) =c.

Proof. (i) The first assertion is clear by chasing through diagram (1.3) in the definition
of a coalgebra. We have already agreed to write the unique element in C' ® C ® C'
given by the first two expressions in (i) as Y ¢; ® ¢a ® 3. Alternatively, we could

have written:

As(c) = 2(01)1 ® (c1)e @ cy = 201 ® (€)1 ® ()2 = 201 X s R c3.



(7i) We may justify this formulation for the counit property by first writing the
canonical isomorphisms, ¢; : k ® C — C, and ¢r : C ® k — C, given by scalar

multiplication. Then, diagram (1.4) may be written as:
I=¢ro(e®@I)oA=¢ro(I®c)oA,
and so, ¢ =Y ¢e(c1)ea = D cre(cea). |

We now return to the concept of the tensor product of two coalgebras to illustrate

the power of this notation.

Proposition 1.2.4. Let (C,Ac,ec) and (D,Ap,ep) be coalgebras. Then (C' ®

D, A ¢e) is a coalgebra with the following comultiplication and counit maps:

Alc@d) =TT ®I)o(Ac®Ap)(c®d)
e(c®d) =ec(c)ep(d).

Proof. First, we note that we may rewrite the comultiplication A in terms of the

sigma notation as A(c® d) = Z 1 @ dy ® ca ® dy. Then we have that,

(A® Icgp) o Alc® d)
=(A® ]C®D)(Z g ®d®cy®dy)
= Z<Cl)1 ® (d1)1 ® (c1)2 @ (di)2 ® ca @ dy

:ch®d1®02®d2®03®d37
and also,

(Icgp @ A) o Alc®d)
=(Icap ® A)(D_ 1 ®di @ 2 ® dy)
=Y 1 ®di @ (2)1 ® (d2)1 ® (c2)2 @ (da)

:ch®d1®02®d2®63®d37
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showing that the comultiplication is coassociative. We use the reformulation of the

counit property above and notice that

Zg(cl ® dy)(c2 ® dy)
=Y eolen)en(di)(c; ® do)
- (Z 80(01)02> ® <Z ED(dl)d2>

=c®d.
Similarly, > (c; ® d1)e(ca ® dy) = ¢ ® d, and hence, (C ® D, A, ¢) is a coalgebra. W

We conclude this section with two important categorical definitions. The first is

equivalent to the usual definition for commutativity; the second is its dual.

Definition 1.2.5. (i) An algebra (A, M, u) is said to be commutative if the follow-

AR A r AR A
X /
A

(17) A coalgebra (C,A,e) is said to be cocommutative if the following diagram

C
/ X
cel T

ing diagram commutes:

commutes:

el

In sigma notation, we may write this as Y ¢y @ ca =Y, ca @ ¢y for any c € C.
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1.3 Morphisms, coideals, quotient structures

In this section we verify that all of the usual constructions for algebraic structures are
valid in the case of coalgebras. We define the maps between algebras the usual way,
but use commutative diagrams for the purpose of dualizing the definitions. We then
proceed to construct the “ideals” for coalgebras; that is, the objects that will lead to

natural quotient structures.

Definition 1.3.1. Let (A, M,u) and (A, M',u') be k-algebras. A k-linear map f :
A — A’ is called an algebra morphism if the following diagrams are commutative:

NoAddOT  vea A / A

M M’ \

A A
f

Alternatively, we could write for any a,b € A, X € k, that f(ab) = f(a)f(b) and
f(u(N) = (N), or equivalently, f(14) = 1ar.

Dualizing this definition to the case of coalgebras we have:

Definition 1.3.2. Let (C,A,¢) and (C',A';€'") be k-coalgebras. A k-linear map g :
C — (' is called a coalgebra morphism if the following diagrams are commutative:

C J c’ k

A A ©

CedC C'ec’ C c’

g9 g

In sigma notation, we could write for any c € C,

A(g(e)) =D glc)r ®g(c)a =Y gler) ® glca), and e(c) = '(g(c)).
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Definition 1.3.3. Let (C, A, ¢) be a coalgebra. A subspace J C C' is called a
(1) co-subalgebra if A(J) CJ® J,

(i1) coideal if A(J) C J@C+C®J ande(J) =0.
Here we extend some important results for algebras to the case of coalgebras.

Proposition 1.3.4. Let (C,A¢,ec), (D,Ap,ep) be coalgebras and f : C — D a

coalgebra morphism. Then,

(1) f(C) is a co-subalgebra of D,

(17) Ker(f) is a coideal of C.

Proof. (i) f(C) is a subspace of D since f is k-linear. Using the fact that f is a

coalgebra morphism, we have that

Ap(f(C) =(f @ )Ac(C)
c(feNcel)
=f(C) e [(C),

showing f(C) is a co-subalgebra.
(17) Again, we know that Ker(f) is certainly a subspace of C'. Let {v4 }aca, be a basis
for Ker(f) which we complete with the linearly independent set, {v,}aca, so that
{Va Yaca,ua, 18 a basis for all of C. Then {f(vqy)}aca, is a linearly independent set in
D. Note that since f is a coalgebra morphism, 0 = Ap(f(Ker f)) = (f@f)Ac(Ker f).
Thus,

Ac(Ker f) C Ker(f ® f). (1.5)

Now, take z € Ker(f ® f). That is,

T = Z Aapla @ Vg,
a,BEAIUAs
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so that after applying f ® f, we have
> Xapf(va) ® f(ug) =0.
a,B€A1UA2
Now, for each o € A; we have that f(v,) = 0. So we may rewrite the above sum

(less redundantly) as

> Aapf(va) @ f(vg) = 0.

auBGAQ
Then by the linearly independence of the set {f(vy) ® f(v3)}a.gen,, (indeed, it forms

a basis for f(C)® f(C)), we have that 0 = A\, for all o, § € A,. Thus, we can rewrite
e Y Yawmcat Y Y e
BeEAIUAs €A aEA1UAs BEA;

which implies that
z € Ker(f) ® C + C @ Ker(f). (1.6)

Combining (1.5) and (1.6) gives Ac(Ker(f)) C Ker(f® f) C Ker(f)®@C+C®Ker(f).
Moreover, if z € Ker(f), then 0 = ep(f(z)) = ec(z), so ec(Ker(f)) = 0. Therefore,
Ker(f) is a coideal. |

Now we can introduce quotient structures for coalgebras. Let (C, A, ¢) be a coal-
gebra and J be a coideal. Define the map 7 : C' — C/J to be the canonical vector
space projection. We will write m(c) = ¢ as the coset of ¢ modulo J. We must first

recall a property of quotient vector spaces.

Lemma 1.3.5 (Universal Property of Quotient Vector Spaces). Let V' be a k-vector
space, and W a subspace of V.. Whenever W' is a k-vector space and 1 : V — W' a
linear map such that W C Ker(y) there exists a unique linear map ¢ : V/W — W’
such that ¢ = ¢ om.

Proof. Define the map ¢ : V/W — W’ by ¢(v) = ¢ (v), that is, ¢ = ¢ o w. The map,

¢, is well defined since whenever vy, v € V' are representatives of the coset v € V/W,
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then v; = vy, + w for some w € W. Hence,

Y(v1) = Y(ve +w) = P(v2) + P(w) = Y(va).

Moreover, ¢ is linear, since

PV +1z) = d(v1 + v2) = Y(v1 +v2) = Y(v1) + P(v2) = d(T1) + O(T2).

Finally, ¢ is unique. For if ¢’ is such that ¢/ o™ = ¢ = ¢ o 7, then ¢'(v) = ¢(v) for

all v € V. Since 7 is surjective, ¢' = ¢. [ |

Let (C, A, ) be a coalgebra, and J C C be a coideal. We can now prove the following:

Proposition 1.3.6. There exist linear maps A : C/J — C/J®C/J andz: C/J — k

such that (C/J,A,€) has a unique coalgebra structure.

Proof. Consider the linear map (7 ® 7)A : C — C/J ® C/J, and note that (7 ®
TAJ) C(r7m)(J@C+C®J)=0. Hence J C Ker((r @ m)A). So, there exists a
unique linear map, A : C'/J — C/J ® C/J such that (7 ® 7)A = A o7, that is, the

following diagram commutes:

C c/J

A A (1.7)

™R T

el

ClI®C/T
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This map is explicitly given by A(¢) = Y. ¢ ® & for ¢ € C. Then,

(A® ey )A0)

=A@l oo

=(A® Icyy) Z 7(c1) @ 7(es)

=3 B(r(er) @ wlea)

= (m@m)Acr) @ m(ca)

= Z m(e1) @ m(ea) @ m(e3), (by the coassociativity of C')

=) Genes.
Similarly, (Ic;; ® A)A(€) = > ¢ ® & ®¢3. So A is coassociative. Furthermore,
J C Ker(e) by definition. Then, there exists a unique linear map  : C'/J — k such

that ¢ = € o 7. That is, the following diagram commutes.

C c i

(1.8)

c/J

Then for any ¢ € C', we have

=T <Z 8(01)02> . (linearity of )
=m(c), (counit property in C')

=C.

Similarly, > (¢1)g(¢;) = ¢, and hence (C/J, A, ) is a coalgebra. The uniqueness of

the structure follows directly from the uniqueness of the linear maps A and . |
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Corollary 1.3.7. 7 is a coalgebra morphism.

Proof. Follows from the commutativity of diagrams (1.7) and (1.8). |

Proposition 1.3.8 (The Fundamental Isomorphism Theorem for Coalgebras). Let
f:C — D be a surjective morphism of coalgebras and J = Ker(f). Then D = C/J.

Proof. Consider the diagram,

C

2 4\

c/J

where f : C/J — D via ¢ f(c). This map is well defined for the same reason as ¢ in

the proof of Lemma 1.3.5. Now, suppose ¢ € Ker(f). Then 0 = f(¢) = f(c). Hence,
c € Ker(f) = J and ¢ = 0, showing f is injective. Moreover, since f is surjective, for
any d € D, there exists ¢ € C such that d = f(c) = f(¢). Therefore, f is a bijection.

Finally, using that f is a coalgebra morphism we have,

=(f ® f)Ac(c)
=Apf(c)

:AD?(E)7

and, epof(¢) = ep(f(c)) = ec(c) = (¢), showing that f is a coalgebra morphism. M

1.4 Duality

We now emphasize a relationship between algebras and coalgebras, by examining

their dual spaces. Explicitly, the dual of a coalgebra is an algebra, and the dual of a
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finite dimensional algebra is a coalgebra, once defining appropriate, and quite natural,

structure maps.

For any k-vector space V we let V* = Homg(V, k), the linear dual of V. Usually,
when there is no ambiguity, we will simply write, Hom(V, k). Furthermore, if V' and
W are two k-vector spaces and ¢ : V' — W is a morphism of k-vector spaces, then we

denote the transpose of the map ¢ by ¢* : W* — V* given by

for all f € W* v € V. Also, we have the following fact.

Proposition 1.4.1. Let dim(V) = n < oo and {e;}, be a basis for V, then there
exists a basis {el}1, for V* given by

e; (e;) = ij,

where 6;; is the Kronecker delta. The linearly independent set {e}} is called a dual

basis to {e;} for V*. |
The following Lemma will also be necessary.

Lemma 1.4.2. Let V and W be k-vector spaces. Define the linear map p : V*QW* —
(V@ W)*, given by
p(f @ g)(v@w) = f(v)g(w),

for feV*geW*veV,weW. Then
(1) p is injective.
(i7) if V and W are finite dimensional, then p is an isomorphism.

Proof. (i) Let x = >, f; ® ¢;, (a finite sum) with the f;, g; linearly independent

elements of V* WW*, respectively, such that p(z) = 0. Note that this is possible since
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we can write bases { fa }aca and {gs} sep for V* and W*, respectively. Then the family
{fa ® 9s}acapes forms a basis for V* @ W*. We can then choose the finite family
{fi®gi}i C{fa®9gs}acapes- (Note: we may need to take scalar multiples of the f,

to form the f;, but they are still linearly independent.)

Now suppose there exists v € V such that f;(v) # 0 for some i. Then the sum
> fi(v)gi # 0 by the linear independence of the family, {g;};,. Hence, there must

exist w € W such that
p(x)(v@w) =p (Z fi® 9¢> (vew) = Z fi(v)gi(w) # 0,

a contradiction. Thus, f;(v) =0forallve V,and thusz =), f; ® g; = 0.

(4i). Let {v;}i,, {w;}72, be bases for V' and W, respectively. Form the dual bases
{vi}tie, and {wj}iL, for V* and W, respectively. Then, {v; ® wj},; is a basis for
V*@W*. Thus, dim(V*®@W*) = nm. On the other hand, the family {v; ®w,}; ; forms
a basis for V@ W, and we can form the dual basis {(v; ® w;)*}; ; for (V@ W)*. Hence
dim(V ® W)* = nm and the two vector spaces must be isomorphic. Since p provides

an embedding V* @ W* — (V ® W)*, it must be the desired isomorphism. |

In order to define a coalgebra structure on the dual of a finite dimensional algebra,

we will also need the following corollary.

Corollary 1.4.3. For any k-vector spaces Vi,...,V, the map 0, : Vi ®@--- @ V* —
Vi@ ®V,)" given by

(i@ @ f) (1 @ - Quy,) = fi(vi) -+ fulvn)
is injective. Furthermore, if each V; is finite dimensional, then 0, is an isomorphism.

Proof. Follows from induction on the above lemma. [
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Remark 1.4.4. Notice that we have already made use of the map p when defining the
tensor product of coalgebras. Indeed, for (C, A¢,e¢) and (D, Ap,ep) two coalgebras,

recall that the counit ¢ for C'® D is given by
e(c®d) = plec ®ep)(c®@ d) = ec(c)ep(d),
which is exactly the map given in Example 1.1.12. [

Now, we return to the task at hand. Let (C,A,e) be a coalgebra. We wish to
define an algebra structure on C*. The preceding Lemma ensures that since we can
embed C* ® C* into (C' ® C)*, we can restrict the map A* : (C ® C)* — C* to a map
m: C* ® C* — C* given by

m(f ©g)(c) = A"p(f @ g)(c) = p(f ® 9)A(e) = Y fler)g(ca)- (1.9)

That is, m = A*p. Moreover, if we take the map €* : k*(= k) — C*, we can form
the unit map, U = £*i~! where i : k* — k is the canonical isomorphism given by
i(f) = f(1), (and hence, i"*(\) = AI). Then, we can write for any A\ € k that
U:k— C*is given by

U(N)(c) = Ae(c). (1.10)

Proposition 1.4.5. (C*,;m,U) is an algebra.

Proof. For simplicity, we will denote m(f ®g) as f*g. Now, for any f,g,h € C* and

any ¢ € C', making use of the coassociativity in C', we have

((f *g) *h)(c)
= (f*9)(e)h(e)
=Y fler)g(ea)h(cs)
=Y flen)(g* h)(ca)
=(f* (g n))(c),
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and therefore, m is associative. Now we need to check the unit property. To do this,
we verify that U(1) is the identity element of C*, i.e. that U(1)* f = f«U(1) = f
for any f € C*.

Now, by the counit property of C', we have that > e(¢;)ce = c for all ¢ € C. Then

(U(1) = f)(c)
= U)(e)f(c2)
=) _ela)f(c)
- (Z 8(01)02) . (by linearity of f)
=f(c).
Similarly, using 3 c12(c2) = ¢, we obtain f * U(1) = f. n

Now, if we start with an algebra (A, M, u), and try to endow A* with a coalgebra
structure, problems arise. Attempting to proceed as above, we consider the multipli-
cation M : A® A — A, and try to define a comultiplication on A* via the transpose
map M*: A* — (A® A)*. But, since A*® A* C (A® A)*, there is no guarantee that
our result will lie in A*® A*, as desired. If, however, we restrict to finite dimensional
algebras, then the map p: A* ® A* — (A® A)* defined in Lemma 1.4.2 is bijective.
So we may define a comultiplication § : A* — A* ® A* by § = p~!M* and a counit
map F : A" — k by E = iu*, where i is the canonical isomorphism k* — k, defined

as before.

Facts 1.4.6. If we write (f) =), g: ® h;, a finite sum, then

(¢) f(ab) =, gi(a)hi(b) for all a,b € A.
(it) Moreover, if {z;,y;}; is any finite family of elements in A* such that Zj z;(a)y;(b) =

f(ab), then > v @y; = >, 6: @ hy.
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Proof. (i) First, we note that M*(f)(a ® b) = f(ab) for all a,b € A. Then, the

definition of p gives that if

3(f)a®b)=p ' M*(f (§2%®h> ®b),
then
flab) = M*(f)(a®b) =p (Zgz' ® hz‘) (a®b) = Zgz(a)h (b)

for all a,b € A. Assertion (ii) follows immediately from the injectivity of p. [

Now we are ready to prove the following proposition:

Proposition 1.4.7. Let (A, M,u) be a finite dimensional algebra. Then (A*,6, E) is

a coalgebra.

Proof. Take f € A* and write 6(f) = >_, g: @ h;. Also, we will write 6(g;) = >, i ; ®
9ij» and 6(h;) = >, hi; ® hi ;. Then,

G@I)od(f }:%]®%J®m,mm
(I®0d)od(f §2%®hh®h%.
Now using the associativity of A, the fact that f(ab) = >_ g;(a)h;(b) for all a,b € A,

and the map, 03 : A* @ A*® A* - (A® A® A)*, (as defined in Corollary 1.4.3), we

have that,

05((0@ 1) o d(fa®bc)
=0, Zg”@)g” N a®@b®c)
—E:%] a)g!;(b)hi(c)
:}jgmmm@)

7

=f(abe)
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Moreover,

O3((I®6)0d(f))ab@c)
=63 0@ O M) B8 0
= Zgi(a’)h;,j(b)h;,,j(c)
:Zgi(a)hi(bc)

=f(abc).

Then, by the injectivity of 03, (6 ® I) 0 0(f) = (I ® §) o 6(f), for any f € A*. Thus,
the coassociativity is checked. By the unit property of A, we note that E(f) = f(1)

for f € A*, and hence:

(Z E(gi)hi> (a) = Zgi(l)hi(@) = f(1-a) = f(a).
Similarly, > . g;E(h;) = f. Thus (A%, 4, E) is a coalgebra. m

At this point, it is obvious to ask what happens to algebra morphisms and coalgebra

morphisms under dual constructions.

Proposition 1.4.8. Let (C,A¢,ec) and (D,Ap,ep) be k-coalgebras and f : C —
D a coalgebra morphism. Then (C*,mc«,Uc+) and (D*,mp+,Up+) are algebras (as

defined above) and f*: D* — C* is an algebra morphism.

Proof. We need to show that the following diagrams commute.

M p+ me %* \30*
D* C*

f*



23

Let x,y € D* and ¢ € C'. Then

(f* omp-)(z @ y)(c)
=p(z ®@y)Ap(f(c))
—pwey) (Y fen e fe))
—p(z @) (D fler) @ f(e2))
= @()e))y(f)(e2))
=p(z(f) @ y(f))Ac(c)
=mc-(f*(z) ® f*(y))(c)

=mc-(f*® ")z ®@y)(c),

where we have used the fact that f is a coalgebra morphism in the third line. This
shows the commutativity of the first diagram above. Now, we use that ep o f = ¢¢

(f is a coalgebra morphism), and obtain for A € k, ¢ € C,

(f* o Up)(A)(¢) = Up(A)(f(c))
= Xep(f(c))
= )\80(6)

= Uc(A)(c).
Thus, f* is an algebra morphism. [

Proposition 1.4.9. Let (A, M4, ua) and (B, Mp,ug) be finite dimensional k-algebras
and g : A — B an algebra morphism. Then (A*, 04+, Ea~) and (B*,dp~, Ep+) are

coalgebras (as defined above) and g* : B* — A* is a coalgebra morphism.
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Proof. We need to show the following diagrams commute.

*

B* g A* 2

(53* 6A*

BoB e Aol B . A

9 g

Let 2 € B* and ¢’ ® " € A® A. First, note that if dp«(z) = >, 2, ® x}, where

)

L x! € B* then

xl’ ()

op-(r)(g®@g) = > 7i(9) ®x{(9)
= 2.9 () ® g*(2})
= (¢ @g") Qv @x)

= (9" ©®g")ip-(2).

(1.11)

So,

where we have used that g is an algebra morphism in the third line, and (1.11). Hence,

the commutativity of the first diagram is checked. Now, for any «x € B*, b € B, we
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have
(Eax 0 g")(@)(b) = (Eax 0 z(g))(b)
= x(goua)(b)

= 2(ug)(b)

= Ep-(2)(b),

where we have used the property that g o uy = up since g is an algebra morphism.

This checks the commutativity of the second diagram. [ |

We end this subsection with an important result that we will use later, but will not

prove. A proof can be found in Dascalescu, et. al. [4].

Proposition 1.4.10. Let A be a finite dimensional algebra and C a finite dimensional

coalgebra. Then

(1) A and (A*)* are isomorphic as algebras,

(17) C and (C*)* are isomorphic as coalgebras. [

1.5 Group-like and primitive elements

In this section we will define and give some important results for two special classes

of elements in a coalgebra. Throughout, let (C, A, ) be a coalgebra.

Definition 1.5.1 (Group-like elements). Let g € C' such that g # 0 and A(g) = g®g.
Then g is called a group-like element of C'. The set of all group-like elements is
denoted by G(C).

Facts 1.5.2. We have the following facts regarding G(C):

(1) If g € G(C), then e(g) = 1.
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(17) G(C) is a linearly independent set.

Proof. Assertion (i) follows immediately from the counit property since g = > e(g1)ga =
£(g)g. To prove (ii), we assume the set G(C) is linearly dependent and seek a con-
tradiction. For, let n be the least natural number so that there exists g, g1,...,9, €

G(C), distinct elements such that
g= Zaigi (1.12)
i=1

for some scalars «; € k. Notice that if n = 1, then ¢ = ay9; and hence e(g) = aye(g1).
Then oy = 1, and by (i) we have g = g1, a contradiction.

So we must have that n > 2. Moreover, we may assume that all the «; are non-
zero, or else we would obtain equation (1.12) for a natural number smaller than n.
Apply A to (1.12) to get

9®9:Z%9¢®gi-

i=1

Then using (1.12) to replace g on the left hand side we have,
Z 005G Q gy = Z @;9; Q gi-
ij=1 i=1

and therefore

0= Z ;g @ gj + Z(%Q — @)9i @ gi-
i#j i
Since g1, ..., g, are linearly independent (again, otherwise we would have equation

(1.12) for a smaller n), we have that {g; ® g;};; is linearly independent in C ® C.
Thus, we must have for 7 # j, that a;o; = 0. This is a contradiction since n > 2 and

all a;; # 0. |

Let A and B be algebras. Then denote the set of algebra maps from A to B by
Alg(A, B). That is,

Alg(A, B) = {f € Hom(A, B) | f(ab) = f(a)f(b), Ya,b € A}.
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Now, if A is a finite dimensional algebra, we can describe the group-like elements of

A* exactly.
Proposition 1.5.3. G(A*) = Alg(A, k).

Proof. If f € G(A*), then 6(f) = f ® f, and by Fact 1.4.6(i), f(ab) = f(a)f(b) for
all a,b € A. Moreover, f(1) = E(f) =1, so f € Alg(A, k). The reverse inclusion is

similar. [ |

Definition 1.5.4 (Primitive elements). Let (C,A,¢) be a coalgebra and ¢ # 0 in C
such that A(c) =1®c+c® 1. Then c is called a primitive element of C. The set
of all primitive elements is denoted by P(C). We can similarly define, for xz,y € C
the set of w,y-primitive elements, denoted by P, ,(C), where if ¢ € P,,(C) then

Ale)=2®c+c®y.
Facts 1.5.5. We have the following facts about primitive elements:

(i) Let x € G(C), 0 #y € C. Ifc € P y(C), then e(c) = 0. (Similarly, if
yeGC),0£xeC.)
(it) For any x € G(C) and 0 #y € C, P,,(C) is a coideal of C.
Proof. (i) The counit property gives that ¢ = > e(c1)ea. So ¢ = e(z)e + e(c)y =
c+¢e(c)y. Thus e(c) = 0. To prove (ii), we note that P, ,(C) is a subspace of C', since
for any ¢,d € P, ,(C),
A(c+d) = Ae) + A(d)
=r®Rc+cRQy+rRd+dRy
=2®(c+d)+(c+d)®y.

Then, for any ¢ € P, ,(C), Alc) =2 ®c+c®y € CR P, ,(C)+ P,,(C)®C and
part (i) gives P, ,(C) C Ker(e). |



Chapter 2: Bialgebras and Hopf algebras

We will now examine k-vector spaces that are simultaneously endowed with both
an algebra and coalgebra structure. In particular, we will want to investigate spaces
in which the two structures relate in a “nice” way. Let (H, M,u) be an algebra which
is also a coalgebra, (H, A, ¢). Recall that we have a natural algebra structure induced
on H ® H, as well as a coalgebra structure described in Proposition 1.2.4. We must
also recall the canonical coalgebra structure on the field k£ as described in Example

1.1.8.

2.1 Bialgebras

Proposition 2.1.1. Let (H, M, u) be an algebra which is simultaneously a coalgebra,

(H,A,e). Then the following are equivalent:

(1) M and u are coalgebra morphisms.

(1) A and € are algebra morphisms.

Proof. (i) = (it) M is a coalgebra morphism exactly when the following diagrams

commute:

H®H H
A®A

HoHRH®H A (2.1)

IQT®I

HoH®H®H He H
M ®
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H®H H
ERE
k®k £ (2.2)
¢
k k

1

where ¢ : k ® k — k is the canonical isomorphism ¢(a ® 3) = a3. Moreover, u is a

coalgebra morphism exactly when the following diagrams commute:

2 “ Jii
o1 A (2.3)
k®k H®H
U@ u

k Y ji
\ / 24)
k

Where ¢! is the comultiplication map for k defined in Example 1.1.8, and given by
a— a®l, for a € k. We note that A is an algebra morphism if and only if diagrams
(2.1) and (2.3) commute and ¢ is an algebra morphism if and only if diagrams (2.2)
and (2.4) commute. Then, using the same diagrams, the reverse implication is also

clear. [ |

Remark 2.1.2. For easier calculation in the future, we note that in the sigma nota-

tion, if A and ¢ are to be algebra morphisms, we must have

Azy) = leyl ® mays, A(l) =111,

e(ry) =e(x)e(y), (1) =1,
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for all z,y € H. [ |

We are now in a position to define a bialgebra.

Definition 2.1.3. Let H be a k-vector space with algebra structure (H, M, u) and
coalgebra structure (H, A, €) such that M and u are coalgebra morphisms (and hence

A, e are algebra morphisms). Then (H, M,u, A, ¢) is called a bialgebra.

We return to our prototypical example.

Example 2.1.4. Let G be a group and kG the associated group algebra. Let kG
have a coalgebra structure as in Example 1.1.6. Then kG is a bialgebra. To verify

this, we check the conditions of Remark 2.1.2. Let g, h € G. Then, gh € GG, so

A(gh) = gh® gh
=(9®g)(h®h)
= A(g)A(h),

and €(g)e(h) = 1-1 =1 = eg(gh). Furthermore, A(1) = 1® 1 and (1) = 1, by

definition. [

Example 2.1.5. Let (B, M,u,A,¢) be a bialgebra. Then we can form bialgebras
B and B“P | where B (resp. BP) is the vector space B, but with algebra (resp.
coalgebra) structure given by the opposite algebra (resp. coopposite coalgebra) de-
fined in Example 1.1.10 (resp. 1.1.11). B°P° has both the opposite and coopposite

structures. It is not difficult to check that each of these are bialgebras. |

We have shown that the structures of (finite dimensional) algebras and coalgebras
are, in fact, dual constructions. This leads to another method of obtaining new

bialgebras from existing ones.
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Proposition 2.1.6. Let (H, M,u,A,¢) be a finite dimensional bialgebra. Then H*
is a bialgebra with algebra structure dual to the coalgebra structure on H (as defined

by Proposition 1.4.5), and coalgebra structure dual to the algebra structure on H (as

defined by Proposition 1.4.7).

Proof. We have already shown that (H* m,U) is an algebra when we define the
multiplication m = A*p and unit U = £*i~!. We have also shown that (H*,d, E) is a
coalgebra when we define the comultiplication 6 = p~'M* and counit F = iu*.

We need only to show that m and U are coalgebra morphisms (or equivalently,
9 and FE are algebra morphisms), but this follows readily from Proposition 1.4.9.
Indeed, since H is a bialgebra, A and e are algebra morphisms, and thus A* and &*
are coalgebra morphisms. Since m can be thought of simply as a restriction of A*,
m is also a coalgebra morphism. Similarly, U is a coalgebra morphism since it is &*

following the canonical isomorphism 771! [ |

For the remainder of the section, let H and B be bialgebras, with respective structure

maps (Mg, uy, Ag,ey) and (Mp,up, Ap,ep).

Definition 2.1.7. The k-linear map f : H — B is called a bialgebra morphism

if fis both an algebra morphism and coalgebra morphism.
Definition 2.1.8. A subspace J C H is called
(1) a bi-subalgebra if it is a subalgebra and co-subalgebra.
(#7) o biideal if it is an ideal and coideal.
The following propositions are immediate consequences of the preceding definitions:

Proposition 2.1.9. If H and B are finite dimensional, and f : H — B is a bialgebra

morphism, then f*: B* — H* is a bialgebra morphism.
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Proof. Since H and B are finite dimensional, we can be sure that H* and B* are
indeed bialgebras. Then, f* must be an algebra morphism since f is a coalgebra
morphism. Similarly, f* must also be a coalgebra morphism since f is an algebra

morphism. [ |
Proposition 2.1.10. Let J C H be a biideal. Then (H/J, M,u,A,2) is a bialgebra.

Proof. Since J is an ideal, it defines the unique algebra structure (H/.J, M, %), and

similarly, since J is a coideal we obtain the unique coalgebra structure (H/J, A, g).

Let 7 : H — H/J be the canonical vector space projection and write 7(h) = h as
the coset of h modulo J. Recall that 7 is both an algebra and coalgebra morphism.

Now we verify the conditions of Remark 2.1.2,

=A(rm(zy)), (7 is an algebra morphism)
=(r @ m)A(zy), (7 is a coalgebra morphism)

=(r®@m) <Z 1Y ® I‘ng) , (A is an algebra morphism)

—Z iUlyl X xzyQ)

= ) @ m(x2)7(y2), (m is an algebra morphism)

= 73)(Y2)-
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Also,
(@)
=e(m(z)m(y))
=g(n(zy)), (m is an algebra morphism)
=e(zy), (mis a coalgebra morphism)
=e(x)e(y), (eis an algebra morphism)
=g(m(z))&(m(y)), (mis a coalgebra morphism)
=E(T)e().
It is easy to check that A(1) =1® T and &(1) = 1. [

Proposition 2.1.11. Let f : H — B be a bialgebra morphism. Then,
(1) f(H) is a bi-subalgebra of B.
(17) Ker(f) is a biideal of H.
Proof. Combine the analogous results for algebras and coalgebras. [ |

Proposition 2.1.12 (The Fundamental Isomorphism Theorem for Bialgebras). Let
f: H — B be a surjective bialgebra morphism and J = Ker(f). Then B = H/J.

Proof. Combine the analogous results for algebras and coalgebras, plus Proposition

2.1.10. |

2.2 Convolution, antipodes, and Hopf algebras

We begin by letting (C,A,e) be a coalgebra and (A, M,u) be an algebra. Now,

consider Hom(C, A), the family of k-linear maps from C' to A. We can define an
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algebra structure on Hom(C, A) via the so-called convolution product. We will

denote the product of f,g € Hom(C, A) by f x g. The product is explicitly given by

(f#9)(c) = M(f @ g)A(c) = > fler)g(ca).

Note that it was necessary to have C' a coalgebra and A an algebra in order to define
the convolution product. Now, we should justify the title “algebra” for Hom(C, A)
under convolution by checking that the product is associative. Indeed, for f,g,h €

Hom(C, A) and ¢ € C, we have

((f % g)* h)(e) = Y (f * g)(cr)h(ca)
= fle)g(ea)h(es)
= fle)(g=h)(c2)
= (f*(g*h))(e),

where we have made use of the coassociativity of C'. Additionally, we note that ue is

the identity element of Hom(C, A), since for any f € Hom(C, A),c € C,

(f = ue) Z fler)u

= 3" fleneleu(n)

= fle)e(ca)

=7 (D erelew)

= f(o),
where we have used that u is linear in the second line, and the counit property in
the last line. Similarly, using > e(c¢;)ce = ¢ we obtain ue * f = f. We have already
considered a special case of the convolution product in defining an algebra structure
on C*, that is, Hom(C, k). Now, consider the special case in which (H, M, u, A, ¢) is
a bialgebra. Then it makes sense to talk about the algebra Hom(H¢, H*), where we

think of H¢ as the underlying coalgebra and H® as the underlying algebra.
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Definition 2.2.1. Let H be a bialgebra. A map S € Hom(H®¢ H®) is called an
antipode if it is the inverse to the identity map under convolution. H, together with

an antipode, is called a Hopf algebra.

We have the following facts.

Facts 2.2.2. Let (H,M,u,A,¢,S) be a Hopf algebra and h,g € H. Then,

(i) (Antipode Property) Y~ S(h1)he = > h1S(ha) = e(h)1,
(1) S(hg) = S(g)S(h) and S(1) = 1. That is, S is an anti-algebra morphism,
(17i) A(S(h)) =>_S(h)1 @ S(h)s = > S(ha) ® S(hy) and €(S(h)) = (h). That is,

S is an anti-coalgebra morphism,

Proof. (i) This follows directly from the definition of S. For, since S = I %S = ue,

then for any h € H,

(5« 1)(h) = 3 ()b
(L = S)(h) = Zhls(h2>
u(e(h)) = e(h)u(l) = e(h)1.

(1) Let H ® H have the tensor product of coalgebras structure and H an algebra
structure. Then, it makes sense to form the algebra Hom(H ® H, H). Define the maps
X, Y e Hom(H® H,H) by X(h® g) = S(hg), Y(h® g) = S(g9)S(h). Let h,g € H,
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and consider,

(X « M)(h® g)

=Y X((h®gh)M((h® g))

=Y X(h1® g))M(hy® g5), (comultiplication in H @ H)
=Y S(higi)hags

=> " 5((hg)1)(hg)2, (M is a coalgebra morphism)
—ep(hg)l, (antipode property)

=cr(h)en(g)l

=(ureren)(h ® g).

So X is a left inverse of M. Now, we consider

(M =Y)(h®g)
=Y M((h®g))Y((h® g)s)
=Y M(h ® g1)Y (ha @ ga), (comultiplication in H @ H)
= mgi15(g2)S(hs)
= hi(en(9)1)S(ha), (antipode property)
=Y mS(hs)en(g)l

=ep(h)eg(g)l, (antipode property)

=(upenen)(h ® g)

So Y is a right inverse for M. Since Hom(H ® H, H) forms an algebra, and therefore
has unique inverses, X =Y, and we conclude that S(hg) = S(g)S(h). Consider the
element 1 € H. Applying (i), we get that S(1)1 = ¢(1)1, that is, S(1) = 1.

(741) Similar to (ii), we think of H with a coalgebra structure and H ® H with
an algebra structure to define Hom(H, H ® H). Let F,G € Hom(H, H ® H) with
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F(h) = S S(h)1@S(h)s = A(S(h)) and G(h) = 3 S(hs)S(h1). Then for any h € H,

= A()A

= A(h1S(hy)), (A is an algebra morphism)
—A (Z hlS(h2)> . (linearity of A)
—A(e(h)1), (antipode property)

—(h)1®1

=(ungnen)(h).

Thus F' is a right inverse for A. Moreover,

= " (5((h1)2) ® S((ha)1)((ha)1 @ (h2)2)
= Z (ho) @ S(hy))(hs @ hy), (generalized coassociativity)

=" S(ha)hs @ S(ha)hy

= Z S((h2)1)(h2)2 ® S(h1)hs, (generalized coassociativity)
= Z e(hy)1 ® S(hq)hs, (antipode property)

= Z 1® S(h1)e((h2)1)(h2)2, (generalized coassociativity)
= Z 1 ® S(h1)ha, (counit property)

=1®e(h)1, (antipode property)

=c(h)1®1

=(unenen)(h).

Hence G is a left inverse for A, and G = F. Finally, for any h € H we have that
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e(h)1 = > h1S(hs2). Now, applying ¢ to both sides we obtain

e(h) = Z e(h1)e(S(hg)), (e 1is an algebra morphism)

= Z e(e(h1)S(hg)), (linearity of counit)

I
M

e(S(e(h ), (linearity of antipode)
S (Ze (hy) hg)) , (again using linearity)
= £(S(h)),

I
n
RS

by the counit property. [ |

We now define the ideals in Hopf algebras.

Definition 2.2.3. Let H be a Hopf algebra. A subspace J C H is called
(1) a Hopf-subalgebra if it is a bi-subalgebra and S(J) C J.
(17) o Hopf ideal if it is a biideal and S(J) C J.

It seems reasonable for ideals and maps to have some preserving effect on an-
tipodes. With this in mind, we turn our attention to maps between Hopf algebras.
Let H and B be Hopf algebras with antipodes Sy and Sp, respectively. We will say
that a linear map f: H — B preserves antipodes whenever Sgf = fSy. Let f be
a bialgebra morphism. We can define the algebra Hom(H, B) with identity element

upeg. Of course, f € Hom(H, B), so consider

((SBf)* f)(h)
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and

(f = (fSu))(h)
= f(h)(fSu(h2))
=" f(lSu(hs)), (f is an algebra morphism)
=f(eg(h)1), (antipode property for H)
—e(h)1, (f is an algebra morphism)
=(upen)(h),

showing that Spf is a left inverse of f and fSy is a right inverse for f. Thus

Sgf = fSy, and we have proven:

Proposition 2.2.4. If H and B are Hopf algebras and f : H — B is a bialgebra

morphism, then f preserves antipodes. [ |

Therefore, the following definition is justified:

Definition 2.2.5. Let H and B be Hopf algebras and f : H — B. f is called a Hopf

morphism if f is a bialgebra morphism.

The following proposition is immediate.

Proposition 2.2.6. If f : H — B is a Hopf morphism, then

(1) f(H) is a Hopf-subalgebra of B.

(17) Ker(f) is a Hopf ideal of H.

Proof. (i) f is a bialgebra morphism, so we have that f(H) is a bi-subalgebra. More-
over, f preserves antipodes, so Sg(f(H)) = f(Su(H)) C f(H).

(71) We need only to show that S(Ker(f)) € Ker(f). Indeed, since f is a Hopf
morphism, it preserves antipodes. Then for h € Ker(f), f(Suy(h)) = Sp(f(h)) =
Sp(0) = 0. Hence, Su(h) € Ker(f). |
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Also, we have the analogous results for quotient structures.

Proposition 2.2.7. Let (H, M,u, A, ¢,5) be a Hopf algebra and J a Hopf ideal. Then

there is a unique Hopf algebra structure on H/J.

Proof. We already know from Proposition 2.1.10 that H/J has a unique bialgebra
structure. It becomes a Hopf algebra with induced map S : H/J — H/J given by

S(h) = S(h). This map makes sense because .J is a Hopf ideal, that is, S(.J) C J.

Then we can check, for h € H,

> " S(h)hy =Y S(hy)(ha)
= w(S(h))w(ha)
. (Z S(hl)h2>

= m(e(h)1), (antipode property of H)

Il
™
—~
>
SN—
|

Similarly, > (h1)S(hy) = E(h)1. u

Proposition 2.2.8 (The Fundamental Isomorphism Theorem for Hopf Algebras).
Let H, B be Hopf algebras with antipodes Sy, Sg, respectively. Let f : H — B be a
surjective Hopf morphism and J = Ker(f). Then B= H/J.

Proof. Use the map f from the proof of Proposition 1.3.8. We know that f is a

bialgebra morphism and therefore a Hopf morphism. |

Just as with bialgebras, we may create new Hopf algebras from existing ones, using

the dual space.

Proposition 2.2.9. If H is a finite dimensional Hopf algebra with antipode S, then

H* is a Hopf algebra with antipode S*.
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Proof. It remains only to show that S* is an antipode. As usual, we will denote the
multiplication and unit in H* by m and U, respectively, and the comultiplication and
counit by ¢ and F, respectively. We write for any h* € H*, that §(h*) = > hj ® hj
by the sigma notation. Also, recall from Fact 1.4.6(i) that for any x,y € H, h*(xy) =
> hi(x)hi(y). Also, E(h*) = h*(1), so we have for any h € H,

(D" 5 (hi)hs) () = D= 8" (W) () ()
= hi(S(h))hs(hy)
= Zh* (h1)hs)
— h*(e(h)1), (antipode property of H)
= £(R)h*(1)

= E(1)e(h)
Similarly, > hjS*(h3) = E(1)e, so S is an antipode of H*. |

Remark 2.2.10. Let H be a Hopf algebra. We will call H commutative if its underly-
ing algebra is commutative. We will call H cocommutative if its underlying coalgebra
is cocommutative. Additionally, we can talk about Hopf algebras with neither or both

properties. [
We have the following proposition.

Proposition 2.2.11. Let H be a finite dimensional Hopf algebra. Then,

(1) H is commutative if and only if H* is cocommutative.

(17) H is cocommutative if and only if H* is commutative.

Proof. We will show the forward implications for both (i) and (ii). The reverse

implications then follow from Proposition 1.4.10. For (i), let f € H*, and z,y € H.
Using Fact 1.4.6(1), we see Y fi(«)fa(y) = f(zy) = F(y2) S fale)fily). Hence
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Y. A®f =) fo®fi1, that is, H* is cocommutative. For (i7), let f,g € H* andx € H.
Then, m(f ® g)(x) = - f(z1)g(x2) = 3 f(z2)g(@1) = >_ g(21) f(22) = m(g ® f)(z).

Hence, H* is commutative. [ |

2.3 Some examples of Hopf algebras

In this section we give various examples and small results for Hopf algebras, beginning

with our prototype.

Example 2.3.1 (The Group Algebra). Let G be a multiplicative group. Then kG
becomes a Hopf algebra with bialgebra structure from Example 2.1.4 and antipode
S : kG — kG given by S(g) = g7! for all ¢ € G. S is indeed an antipode. For

consider g € G,
> S(g1)g2 = S(9)9 = 9""9 = Lic = £(9) Lrc-

Similarly, >~ ¢15(g2) = €(9)1xa- [ |

Example 2.3.2 (The coopposite Hopf algebra). As in 2.1.5, if H is a Hopf algebra
with antipode S, then certainly HP is a bialgebra. Suppose that HP is a Hopf
algebra with antipode S. This means that Y (Sho)hy = . ha(Shy) = (h)1 for all
h € H, and since S is an antipode for H°P it is an anti-algebra and anti-coalgebra

morphism. S is called a twisted antipode for H. Moreover, for any h € H we have

gSh = Z?S(E(}Lz)hl) = ZE(hQ)?Shl = Z h3(§h2)§5h1
=3 h3S((Shi)ha) =Y haS(e(h1)) = e(hi)he = h.

Similarly, SSh = h for any h € H. Therefore, when this situation occurs, we must

have that S and S are composition inverses. This gives a necessary condition for H“P

to be a Hopf algebra. To complete the example, we have the following proposition. B

Proposition 2.3.3. Let H be a bialgebra. The following are equivalent:
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(1) H is a Hopf algebra with composition invertible antipode S.
(41) HP is a Hopf algebra with composition invertible antipode S.

That is, H®P is a Hopf algebra if and only if H has a composition invertible antipode.

Proof. We show that (i) = (i7); the reverse direction is similar. Let S’ be the
composition inverse of S. It is not difficult to check that S’ must be an anti-algebra

and anti-coalgebra morphism. Now take any A € H and consider

3 (Sho)hy = S (8he) (S Shy) = S (Z(Shl)h2> = §'((h)1) = =(R)1.

Similarly, > ho(S'hy) = €(h)1, so S’ is an antipode for H®P. By the analysis of the

previous example, S’ = S. [ |

The following example is due to Sweedler and is the smallest non-commutative, non-

cocommutative Hopf algebra.

Example 2.3.4 (The Sweedler algebra). Assume that ch(k) # 2. Let H be the

algebra given by the two generators g and x with the following relations:

Then H has dimension four as a vector space, with basis {1,g,z,gz}. Define a

coalgebra structure by
Alg)=g®g, Alx)=gRz+r31.

That is, g € G(H) and = € P,;1(H) so by Facts 1.5.2(z) and 1.5.5(7) we must have
£(g) = 1 and ¢(x) = 0. Finally, define S : H — H to be the antipode given by

S(g) =g, S(x)=—gx.

One can check that these relations define a Hopf algebra. |
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The Sweedler algebra was later generalized by Taft [22] to any dimension that is a

perfect square.

Example 2.3.5 (The Taft algebras). Let n > 2 and A a primitive n-th root of unity
in k£ (in particular this means that ch(k) does not divide n). Again, let H,()) be the

algebra generated by ¢ and z, with relations
g'=1, 2"=0, xg= Agz.

Then H,()) is an algebra with vector space basis {g'z7}7; ;. Thus dim(H,())) = n’.

We introduce a coalgebra structure just as in Example 2.3.4:
Alg)=9®g, Alx)=g@z+za1,

so that again we must have, e(g) = 1 and ¢(z) = 0. The antipode is given by
S(g) = ¢g" ! and S(x) = —¢g" 'x. Notice that when n = 2 we obtain the Sweedler

algebra. [

Remark 2.3.6. (Antipodes of Arbitrary Order.) More than the fact that H,()) is a
generalization of the Sweedler algebra, it has historical importance. Taft constructed
the algebras H, () to give explicit examples of Hopf algebras having antipodes of
arbitrarily large orders. We say that the antipode has order m, whenever m is the
least positive integer such that S™ = I, under composition. In particular, one can
check that the order of the antipode in H, () is 2n. To see this, we first check the
effect of composition of the antipode on the group-like generator g. We can show by
induction on m that

S™g) = (So---08)(g) =g" V"

m

For m = 1, S(g) = ¢" ! by definition. Then if the assertion is true for all natural

numbers < m, since S is an anti-algebra morphism,

S™(g) = S(S™Hg)) = S(g V") = (S(g) V" = (gn T = gl
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Now, since

m-vr =3 (4 )ty

k=0
we see that (n — 1)™ = (—1)" mod n. Therefore,

meoN g , ifmeven
5 (9)—{gn—1 . ifmodd -

So if m is to be the order of the antipode, then m must be even. We also have the
following recursive relation for S (x):

—SmYz)g , if meven
S™(x) =
—g"1Sm(z) | if m odd
To check this, we note that since S is an anti-algebra morphism, S” is also an anti-

algebra morphism for all odd r. On the other hand, if r is even, then S” is an algebra

morphism. Then for m an even integer,

S™(x) = 8" (—g"lx)
= 5" ()5 (g
= 5" @) (5 ()
= 5 (@) (g
=~ (z)g"

= -5 (x)g.
The calculation for m an odd integer is similar. Then we can see recursively that

S*(x) = =S(x)g = —(—¢" 'x)g = Az,
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Therefore, the least positive integer m such that S™(z) = z is m = 2n. Of course,

this is even, and therefore S?"(g) = g as well. Hence, the order of S is 2n. [ |

2.4 kG, (kG)*, and (co)commutativity

We will look more closely later at Hopf algebras, such as the Taft algebras, that are

neither commutative nor cocommutative.

Remark 2.4.1. Notice that the group algebra kG is always cocommutative. Thus,
by Proposition 2.2.11 the dual of a group algebra is always commutative. Conversely,
it is not difficult to check that kG is a commutative algebra exactly when G is an

abelian group. [ |

Next, we justify the name “group-like elements” with the following proposition.

Proposition 2.4.2. Let H be a Hopf algebra. The group-like elements G(H) form a

multiplicative group under the multiplication of H.

Proof. Let M denote the multiplication of H. Certainly the operation is associative
since M is associative. Furthermore, G(H) is closed under M, for if g,h € G(H),

then since A is an algebra morphism,

Algh) = A(g)A(h)
= (9@ g)(h®h)
= (gh) ® (gh),
showing gh € G(H). We already know that for A to be an algebra morphism we

must have A(1) =1® 1, so 1 € G(H). Finally, the elements of G(H) are invertible

by the antipode:
98(9) =>_ 915(g2) = £(g)1 = 1.

Similarly, S(g)g = 1. [
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The concept of the group algebra has proved very important in the task of classifying
finite dimensional Hopf algebras. In fact, kG is the measure of triviality for Hopf

algebras. The following result is a small example.

Proposition 2.4.3. Let ch(k) # 2 and (H, M,u, A, ¢, S) be a Hopf algebra of dimen-

sion two. Then H 1s isomorphic to the group algebra kCs.

Proof. First, we note that we can write H = k1 @ Ker(¢). Choose = € Ker(e) such
that {1,z} is a basis for H. Then {1® 1,1 ®z,z® 1,z ® x} is a basis for H ® H, so
write

Alz)=al®@1+plor+yr@1+0r@x

for some field elements «, (3,7,d. Now ¢ is an algebra morphism, so Ker(¢) is a two-
sided ideal of the algebra H. Hence x? = ax for some a € x. Now, we apply the

counit property to  and obtain

z=ac(l)l + fe(l)x + vye(x)l + de(x)x

= al + fx,
and

r = ale(l) + fle(x) + yae(1) + dze(x)

=al +yz.

Therefore, « = 0 and 3 =~ = 1. Now since A is an algebra morphism,

=(1®@r+r®1+dr @)

=al®r+ar @1+ (2+4ad + a6z @,
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where we have used that 22 = axz. On the other hand,

A(2?) = A(ax)
= alA(x)

=al®@z+tar®1+adzr  x.

So we obtain the quadratic equation in ad, 2+4ad+a%5? = ad, with solutions ad = —1
and ad = —2. Now, we apply the antipode property to x, that is, > S(x;)xe =
e(z)1 = 0. Recalling that S(1) = 1, we have,

S(1)x+ S(x) +0S(x)r =z + S(x)(1 + dz) = 0.
If we write, S(x) = ¢l + dz for some ¢, d € k, then we have

0=2+ (cl+dx)(1+ o0x)
=qx+cl+ cdx + dx + addx

=cl+ (14+cd+d+ dad)x.

Immediately, we see that ¢ = 0, so we obtain the equation 1+ d + dad = 0. Thus we
cannot have ad = —1, and we must have ad = —2. Since ch(k) # 2, then a # 0, and

0= _72 Finally, we can check that the element ¢ =1 4 dx € H is group-like, since

A(g) = A(1 + 0x)
= A(1) + 0A(x)
=1®1l+il@r+iz@1+0r®
=1®14+0x®1+1®dr+dxr®ox
=(1+4+dr)®1+ (14 dr)®ox
= (1+dz) ® (1 + ox)

=949
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Hence, there are two distinct group-like elements, and since group-likes must be lin-

early independent, a dimension argument yields H = kCs. [

The preceding exercise is a special case of a conjecture made in 1975 by Kaplansky

[9] which was proven in 1993 by Zhu [23].

Theorem 2.4.4 (Kaplansky’s Conjecture). Let k be an algebraically closed field of
characteristic zero and H a Hopf algebra over k with prime dimension p. Then

H = kC,. n

Remark 2.4.5. Recall that in §2.3 we claimed that Sweedler’s 4-dimensional algebra
was the smallest non-commutative, non-cocommutative Hopf algebra. The above
proposition justifies this claim since if H is a Hopf algebra with dimension two or
three, then H = kCy or H = k(Cj3, both commutative and cocommutative Hopf

algebras. [

We now give a condition under which a finite dimensional group algebra is self-dual.

That is, kG = (kG)*. We will need the following lemma:
Lemma 2.4.6. Let G and H be multiplicative groups. Then k{G x H} 2 kG ® kH.

Proof. Define the map ¢ : k{G x H} — kG ® kH given by ¢(g,h) = g® h. It is easy
to check that ¢ is a bijection. We now check that ¢ is a morphism of bialgebras, and

therefore a Hopf morphism. Indeed, for ¢g,¢' € G and h,h' € H,

o((g,h)(g', 1)) = d(g9', hh')
= g9 @ hi/
=(g@h)(gd N

= (b(ga h)(b(gI? h/),
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showing ¢ is an algebra morphism. Moreover,

(¢ ® ¢)Ariaxmy(g,h) = (9@ ¢)((g,h) @ (9, h))
=gQh®RgRh
=(IRT®I)o(Ac®Ax)(gRh)

= Nicaru(P(g, ),
as desired. [ |

Proposition 2.4.7. Letn > 2 and k a field containing a primitive n-th root of unity.

Let C,, be the cyclic group of order n. Then kC,, is self-dual.

Proof. Let A be a primitive n-th root of unity. Denote kC,, by H and write C,, = (c).
Now, {1,¢,...,c" '} forms a basis for H, and let {h}, h¥, ..., k%, } be the dual basis
for H*. Hence dim(H) = dim(H*) = n.

We already know from Proposition 1.5.3 that the group-like elements in H* are
the algebra morphisms. Thus if f € G(H*), then 1 = f(1) = f(c") = (f(e)™
Hence, f(c) = A for some 0 < i < n — 1. On the other hand, if we choose any such
i, then there exists a unique algebra morphism, f; : H — k, given by f;(c) = A"
In particular, f;(¢’) = XY, and extended linearly to all of H. Now, the group-like
elements, G(H*) form a multiplicative group by Proposition 2.4.2 and Fact 1.5.2(i)
ensures that they are linearly independent. Thus, after counting dimensions, we see
that H* = kG(H™).

We have only to show that G(H*) = C, as a group, that is, f; = f{. The proof
is by induction on i. Recall that the multiplication for H* is given by m(f ® g)(c) =
> fle1)g(e2) = f(e)g(c) since H is a group algebra. Then,

17 e) =m(fi @ fi)(c) = file)file) = (A)A = A" = fina(c)

Then G(H*) = C,,, and therefore, (kC,)* = H* = kG(H*) = kC,,. |
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Corollary 2.4.8. Let G be a finite abelian group. Then kG is self-dual.

Proof. First we note that G = C,,, x --- x C,,,, for some natural numbers ny, ..., ng,,.
We may induct on Lemma 2.4.6 to obtain that kG = kC,, ® --- ® kC,,,,. Then we

may use the isomorphism 6,, defined in Corollary 1.4.3 to get
(kG)* = (kCp, @ - - @ kC,, )" = (kCyy)" @ -+ - @ (kCy,,))".
Using the preceding proposition, we obtain
(kG 2 (kCp) @ - @ (kC,, ) 2 kCp, @ --- Q@ kC,,, = kG,
showing that kG is self-dual. |

We end this section with an important result in the classification of Hopf alge-
bras. We have already stated that kG is always cocommutative and hence its dual
is always commutative. However, the following result from the collective work done
by Milnor and Moore [17], Cartier [2]|, and Kostant [11], gives the converse in the
finite dimensional case. That is, it ensures that all finite dimensional cocommutative
Hopf algebras over an algebraically closed field with characteristic 0 are isomorphic

to group algebras.

Theorem 2.4.9 (The Cartier-Kostant-Milnor-Moore Theorem). A cocommutative
Hopf algebra over an algebraically closed field of characteristic zero is a semidirect
product of a group algebra and the enveloping algebra of a Lie algebra. In particular,

a finite dimensional cocommutative Hopf algebra is a group algebra. [

Corollary 2.4.10. A finite dimensional commutative Hopf algebra over an alge-

braically closed field of characteristic 0 is the dual of a group algebra. [ |

Corollary 2.4.11. If H is a finite dimensional commutative, cocommutative Hopf
algebra over an algebraically closed field of characteristic 0, then H = (kG)* for an

abelian group G. [
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2.5 Calculation in the dual

The goal of this section is to give some examples of calculations in a dual Hopf algebra,
in particular, the dual of a group algebra (kG)*, and the dual of a Taft algebra
H,(\)*. If H is the Hopf algebra in question, we will write, for both H and H*, the
comultiplication as A and the counit as ¢, since the intention should be clear from
the context. In contrast, we will write the antipode of H (resp. H*) as S (resp. S*
the transpose map of S). We will also need to recall several important results of §1.4,
including Fact 1.4.6(7); that is, for any f € H* and a,b € H, f(ab) = Y fi(a)f2(D).

First we establish a useful lemma.

Lemma 2.5.1. Let H be a finite dimensional Hopf algebra with basis {e;};. If the

dual basis is written {e}};, then for any f € H*,
A(f) =) fleeje; ®¢;.
2%
Proof. Since {e] ® €} };; is a basis for H* ® H*, we can write
A(f) =) aie;@c¢
12
for some scalars a; ;. By Fact 1.4.6 we have

flese,) = Z a; je;(es)ei(er) = gy
2
Therefore, A(f) = >, ; f(eiej)e; ® €], as desired. |
Proposition 2.5.2 (Calculation of (kG)*). Let G be a finite group and kG the asso-
ciated Hopf algebra. Let {p,}gsec denote the basis for (kG)* which is dual to the basis
{9}4ec for kG. Then the Hopf algebra structure of (kG)* can be expressed in terms

of {pg}geG by:

pepn =0 if g # h, P2 =g, > g = L)+
geG
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A(pg) = Zpgh71 ®ph = th ®ph*1g7 5(199) = 5179'

heG heG
S*(pg) = pg-1-
Proof. Given the definition for multiplication in the dual of a coalgebra (§1.4), we

have for z € G,

1, g=h==x
*ph Zpg x1)pn(x2) pg(x)ph(x) = { 0 J : .

, otherwise
Thus, pgpr, = 0 for g # h and pf] = p,. In other words, {p,},ec is a collection of
orthogonal idempotents. Next, we write 1q)y = ) 9eG QgPg) for some scalars a,. We
again use the definition for multiplication in the dual and consider, for any f € (kG)*

and g € G,

(e * )9) =D Lwey (91)f(92) = Lwey-(9)f(9) = agf(9)-
Now, if 14~ is to be the identity element of (kG)* then we must have that a, = 1
for all g € G. Thus, 1g)- = deapg-
For the comultiplication, we can begin by using Lemma 2.5.1 to obtain that

A(pg) = Z Po(7Y)(Pe @ py).

z,yeG

Now, the only nonzero terms above are those for which zy = ¢; that is, = gy~! or
y = 27 'g, and in this case, p,(xy) = 1. Hence, the comultiplication in (kG)* is given
in terms of the dual basis by

= pr ®pz_1g = Zpgy—l ®py

zeG yeG

Alternatively, we could write,

= Zpac ®py~

Y=g

The counit comes directly from the definition given in §1.4, that for any f € H*,
e(f) = f(1). Thus e(p;) = 614. The antipode follows from the computation,
S*(pg)(h) = py(S(h)) = py(h~t) for all g,h € G. ]
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Now we turn our attention to the Taft algebras H, (\). Recall that these algebras
are generated by the pair (g, ) with vector space basis given by {g'z’/} for 0 <i,j <
n — 1. We will denote the dual basis in H,(\)* by {p;;} where p; j(¢g*2*) = 1 if and

only if i = k, j = {, otherwise, p; ;(g"z*) = 0.

Lemma 2.5.3. For any f € H,(\)*,

n—1

A(f) = Z )\jkf(giJrkij)pi,j © P

%,7,k,=0

Proof. We can immediately write, using Lemma 2.5.1,

n—1
A(f) = Z F(g'ag" 2" )pi; © pre-

ivjvkzzz[)

Using the relations in H,,(\), specifically g = Agx, we have,

garighat = gz‘xjfl(xg)gk71$£
= g (Aga)g"lat
= Ag'a’"g(zg)g" et

= (Wglar gt

— (/\jk)gi;rkxj+€‘
Therefore,

n—1

A(f) = Z f(gixjgkxe)pz‘,j ) Pk,
0,5,k ,0=0

n—1

= Z FOEG 27 ), @ pr
i.4k,=0

n—1
= Z NEF (g 27 ) pi s @ pres
i.jk,=0

as desired. ]

Theorem 2.5.4. The Sweedler algebra Ho(—1) is self-dual.
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Proof. 1t is possible to establish this result by showing that the Sweedler algebra is
the unique non-commutative, non-cocommutative Hopf algebra of dimension four and
hence must be self-dual, but here we calculate the dual explicitly for emphasis. We
will take as a basis that which is dual to {1, g, z, gz}, the standard basis in Ho(—1).
We will denote this basis by {pi1,pg, Pz, Pgz}. Notice that as a special case of the
Taft algebra (n = 2), this set corresponds to the notation above for the dual basis
when written as {po.o, P10, Po,1, P11}, respectively. We begin by using Lemma 2.5.3 to

calculate the comultiplication for each of these elements.

Comultiplication of p;: By 2.5.3, we can write

1

Alpr) = Z (=1 p1 (g™ 27 )pij @ pre
4.7,k,0=0

Using the lemmas to aid calculation, one can check that

A(p1) = p1 @ p1 + py @ py. (2.5)

Comultiplication of p,: Similarly, some computation gives

A(pg) = p1 @ pg + pg @ P1 (2.6)

Comultiplication of p,: Using Lemma 2.5.3, the only terms which are nonzero have

i+ k=0 mod2 and j+ ¢ = 1. Notice we require the sum j + ¢ to be ezactly one
since it represents an exponent on the element x € Hy(—1). If this exceeds one, then

the resulting product ¢"t*27+¢ = 0 for all i, k. This results in the comultiplication,
A(pz) = p1 @ Po + Py ® Pgz + Pz ® P1 — Pga @ Dy (2.7)

Comultiplication of py,: Similarly, we have that

A(pgx) =D X pgx +pg X Pz — Pz ®pg + pgz ®p1- (28)

Using the definition of the counit in a dual Hopf algebra, it is easy to see that e(p;) =

1, while e(py) = €(ps) = €(pga) = 0.
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Next, we seek a multiplication table in Hy(—1)* in terms of {p1,p,, ps, Dy} We
use the fact that for any «, 5 € H* and h € H, the relation (ax(3)(h) = > a(hq)5(hs)

always holds. We know that in Hy(—1)*, we can write any such product as

aft = p1 + g + D, + 2,

for some scalars cgaﬁ ), céaﬁ ) ) P ), cﬁﬁ ). Consider the following example calculation:

(pgpa) () = g(g)pe () + py(2)pe(1) = 1, = clpops) = 1.

Similar computations yield the following multiplication table, with products written

as “element from left column” times “element from top row”:

* |P1| Pg | Pz |Pga
P1|P1 Py
Pg DPg |Pz
Pz |Px
Py Pgax

where blank cells are understood to be zero. We are now in a position to see that

Hy(—1)* =2 Hy(—1). Indeed, if we set

1" = p1 + py,
g" = p1 — Dy,
" = Pz — Pgzx>

we can check that these elements mimic the roles of 1,9,z € Hy(—1), respectively.
Using the multiplication table above, we can immediately see that g*z*, the element
that should mimic gz € Hy(—1), can be written as g*z* = —(p, + pgo). It is easy
to check that the set {1*, g%, z*, g*x*} is a basis for Hy(—1)*. Next, we verify each

of the algebraic relations. Let f € Hy(—1)*, then for scalars «a,f3,7,9, let h =
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al + Bg + yx + dgx. Consider

(1% £)(h) = 3170 £ ()
=1"(1)f(al) +1°(g9) f(Bg) + 1"(g9) f (vz)
+ 1%(2) f(y1) + 17 (1) f(dgx) 4+ 17(g2) f (09)
= flal) + f(Bg) + f(yz) + 0+ f(dgz) + 0
= f(al + Bg + ya + dgz)
= f(h).
Similarly, (f * 1*)(h) = f(h). Hence, 1* is the identity of Hy(—1)*. Now, using the
multiplication table, consider
(9°)° = (p1 — pg)* = P} — P1Pg — Pgp1L + D2 = p1 +pg = 1%, and
(%) = (Px — Pga)’ = D — PuDga — PgxPe + Doy = 0.

So g* squares to the identity and x* squares to 0, as desired. Moreover,

z*g" = (Pr — Pgz)(P1 — Dy)
= PzP1 — Pa2Pg — PgazP1 + DPgaDyg

=—gx.

So Hy(—1)* = Hy(—1) as an algebra. To check the coalgebra structure, we use

equations (2.5) and (2.6) to see

A(g") = Ap1) — Alpy)
=Pp1@p1+ Py ®pg— (P1 ® Py + pg @p1)
=p1 ® (P1 — Pg) — Py @ (P1 — pg)
= (p1 — pg) ® (1 — py)

=9 ®g",
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and of course, €(¢g*) = ¢*(1) = 1. From equations (2.7) and (2.8) we observe that

A(z") = A(pz) — A(pga)
= P1 @ Py + Pg @ Pgz + Dz © P1 = Pga @ Py
— (P1 ®@ Pgo + Py @ Pe — Pa @ Py + Pga @ P1)
=1 ® (P — Pgz) — Pg @ (P — Pye)
+Ps @ (P14 Py) — Do @ (P1 + Py)
= (p1 = Pg) ® (Px — Pga) + (Px — Pga) ® (P1 + Dyg)
SRt e
and furthermore, £(z*) = 2*(1) = 0, as desired. Finally, we check the antipodes.

Again, consider the general element h = al + 39 + yx + dgz. Then
S*(g*)(h) = g"(S(h)) = g*(al + Bg — vgz + 6z) = a — B.
Hence S*(¢*) = p1 — p, = g*. For x*, we have that
S*(z*)(h) = 2" (S(h)) = 2™ (al + Bg — ygx + 0x) = v + 6.
Thus, S*(x*) = py + pgx = —g*2*, and the verification is complete. [ |

What, if any, of the computations above can be generalized to the duals of the
larger Taft algebras, H, (\)* (n > 2)?7 As before, we will attempt to compute elements
g*,x* € H,(\)* which correspond exactly to the generators (g,x) of H,(\), giving
rise to the same Hopf algebra structure. Recall that we will write the basis dual to
{g'a7}, 0 < i,j < n—1, as {p;;}. We have already calculated a formula for the
comultiplication in terms of this basis in Lemma 2.5.3. We begin much as we did
for the Sweedler algebra, and explicitly write the comultiplication for each p;; with
j = 0. That is, the comultiplication for dual basis elements corresponding to the

group-like elements {1,g,¢% ...,¢9" '} in H,(\).
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The formula in Lemma 2.5.3 now says that the nonzero terms in A(pg) are those
in which i +k =0 mod n, and j + ¢ = 0. There are n possible cases, one for each of

the values 0 <7 <n — 1, and hence we have

A(poo) = Poo @ Poo + P1,0 @ Pr—1,0 + P20 @ Pn—20+ -+ Dn-1,0 @ P1,0- (2.9)

In general, to determine A(p,o) (0 < r < n — 1), the process is the same, and we

have that
A(pr,O) = Zps,o & Pt0, (210)

where the sum is taken over all pairs (s,t) such that 0 < s, t <n—1land s+t=r
mod n. Just as in the Sweedler algebra, each coefficient is known to be 1 since
j=0= M =1. In terms of multiplication, we can check, using similar methods to

those used for the Sweedler algebra, that the following relations hold for the elements

{pio}:
n—1
Pi0 * Pko = Oik, szpo = la,(\)*- (2.11)
i=0
We are now in a position to prove an interesting proposition regarding the group-

like elements in H,(\)*. This is a first step toward comparing H,(\) and H,(\)*,

implying that, at least their group-like structures are isomorphic.
Proposition 2.5.5. G(H,(\)*) = C,.

Proof. Recall that if f € G(H,(\)*) then f is an algebra morphism. Therefore,
writing f = Z” a; ;i j, for some scalars a; ;, we can check that 1 = f(1) = ag 0, and

moreover 1 = f(¢") = f(g9)" = (a10)". Hence, a1 = &, some n-th root of unity. In

addition, we have the relations:

a0 = f(g2) = f(9)2 = <a1,0>2a
asp = f(g*) = f(9)* = (a

tnrp = F(g™Y) = f(g)"" = (aro)™
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Hence for all j # 0, a;; = f(g'2?) = f(¢")f(27) = a;pa0; = 0. Therefore,

f =100+ Epro+ Epao+ -+ Pu10

Now ) is a primitive n-th root of unity, so the element g* = pg o+ Ap1o+ Npao+-- -+
N'1p, 10 can generate all such f € G(H,()\)*). Indeed, since A is primitive, there
must exist m < n such that ™ = £. Using the multiplicative relations in (2.11), we

observe that

(g")™ = (poo + Ap1o + )\2]?2,0 +---+ )\n_lpn—m)m
= poo+ (A")p1o + (Am)2p2,0 +-- 4+ (/\m)n_lpn—m
= oo+ Epro +EPpao+ - +E P

—f
Again we use (2.11):
(g")" = (poo + Ap1o + )\2132,0 +oee 4+ )\nflpnfl,o)n
= poo + (A")p1o + ()\n)sz,o +--+ ()\n)n_lpn—l,o

=poo + P10+ P20+ -+ DPn-10

= ]_Hn()\)*.

Therefore, G(H,(\)*) = (¢*) = C,. |



Chapter 3: Hopf algebra actions on rings

In practice, we have demonstrated in §2.4 that when working over an algebraically
closed field of characteristic zero, to study finite dimensional cocommutative (resp.
commutative) Hopf algebras is to study group algebras kG (resp. duals of group
algebras (kG)*). As a consequence, we will see that to generate the most general ac-
tions on algebras, we will have to study Hopf algebras that are both non-commutative
and non-cocommutative. In fact, we will refer to any finite dimensional Hopf algebra
which is either commutative or cocommutative as a trivial Hopf algebra. We begin

with some definitions.

3.1 Definitions and Examples

Throughout this chapter, H is a Hopf algebra over the field £ with comultiplication
A, counit €, and antipode S. A is a k-algebra. First we recall the definition of a

module.

Definition 3.1.1. Let (A, m,u) be a k-algebra. Then a left A-module is a k-space

M with a k-linear map v: A® M — M such that the following diagrams commute:

I I

AodeM ™ Ao koM "L Aem

I®y g gl
A® M M M

~
where I denotes the identity map and the unadorned diagonal arrow indicates scalar

multiplication.



62

Just as algebras and coalgebras are dual constructions, there is an analogous dualized

structure for modules.

Definition 3.1.2. Let (C,A,¢) be a k-coalgebra. Then a right C-comodule is a

k-space M with a k-linear map p : M — M ® C such that the following diagrams

commute:
M LA VYo M LA V3"Ye.
I®A I®
P ©, €
M®C MeCxC M®k
p&I

where I denotes the identity map.

The maps in a comodule are defined in the obvious way:

Definition 3.1.3. Let (M, py) and (N, py) be right C-comodules and f : M — N.

f is called a comodule map if pyo f=(f®1)opy.

Now we can define a Hopf algebra action.

Definition 3.1.4. A k-algebra A is a left H-module algebra if A is a left H-module
and the following hold:

h-(ab) =Y (h1-a)(ha-b) (3.1)
h'lA:€(h)1A (32)

for all a,b € A and h € H, where we have denoted the action of the element h € H

on the element a € A by h-a. In this case, we say that H acts on A.

Right H-module algebras can be defined analogously, but we will primarily be
concerned with left actions, so henceforth, the phrase “H acts on A” should be inter-

preted as the left action as given above, unless explicitly stated otherwise.
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Definition 3.1.5. An algebra (A, M, u) is called a right H-comodule algebra if

(1) A is a right H-comodule

(17) M and u are right H-comodule maps.

Proposition 3.1.6. Let H be a finite-dimensional Hopf algebra. Then A is a left

H-module algebra if and only if A is a right H*-comodule algebra.
Proof. See Montgomery [18]. [

Armed with a definition for Hopf actions, we turn our attention to the major
goal of this thesis. We will demonstrate that Hopf algebras are natural candidates
to replace finite groups as actors on rings. Moreover, we wish to ask what remains
invariant under such an action and will compute several specific examples. Before

this however, we will see that we need an updated idea of invariance.

Traditionally, if an element a is invariant under an action, we require that h-a = a
for all h € H. However, in the case of Hopf algebras, problems arise. For a simple
example, suppose a,b € A both have the property that h-a = a and h - b = b for all
h € H. Further, suppose that H contains, for instance, a primitive element x. That

is, A(x) =1 ®x + 2 ® 1. Then consider,
z-(ab) =(1-a)(x-b)+ (z-a)(l-b) = (a)(b) + (a)(b) = 2ab.

Although a and b are both “fixed” under the action of H, the same is not necessarily
true of their product. Hence, the set {a € A|h-a = a Yh € H} may not be a
subalgebra of A. We wish to preserve this property, after all it is true for group
actions on rings, which motivates the following alternative definition of the invariant

algebra.
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Definition 3.1.7. Let A be an H-module algebra. Then the algebra of invariants

under the action of H is the set
A" ={a€c A|h-a=¢e(h)a, Vh € H}.
We may alternatively refer to this set as the fixed algebra.

Notice that this definition is consistent with the traditional one whenever H = kG
since (g) = 1 for all ¢ € G. Moreover, this will solve the dilemma in the example
above since x € P(H) guarantees that e(x) = 0. Thus, this definition has the
surprising consequence that a primitive element (or any other element in Kere) has
the property that it “fixes” only those elements which it sends to zero. Though this
may at first seem bizarre, Definition 3.1.7 is the correct generalization, since it indeed

produces a subalgebra.

Proposition 3.1.8. Let A be an H-module algebra. Then AY is a subalgebra of A.

Proof. The subspace condition is easily checked. The property 3.2 insures that 14 €
AH . Certainly the multiplication is associative. We must show that the multiplication

is closed. Take any a,b € A”. Then

h(ab) = (hy-a)(hs-b)
= (e(hr)a)(e(ha)b)
= c(ln)e(hs)(ab)
_ (Z 5(h1)h2> (ab), (linearity of ¢)

= ¢(h)(ab), (counit property)
showing that ab € AX. [ |

Sometimes we will want to talk about the elements of A invariant under only a

single element h € H. We will denote this set by A" = {a € A|h-a = ¢(h)a}. By the
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same process as above, one can check that A" is a subalgebra of A. Now we consider

actions of our prototypical examples, kG and (kG)*.

Example 3.1.9. Let H = kG and suppose that H acts on A. Since A(g) = g ® g,
g-(ab) = (g-a)(g-b) for alla,b € A, g € G. Moreover, ifa € A# | then g-a = ¢(g)a = a
for all g € H. Thus the action of a group algebra mimics the action of groups acting
as automorphisms. More generally, we can say that for any H-module algebra A, the

set of group-like elements G(H) acts like a group of automorphisms on A. [ |

Example 3.1.10. Let G be a finite group and A an algebra graded by GG. Then, write
A= ®gGG A, such that AjA, C Ay, Vg, h € G and in particular 14 € A;,. Now,

any a € A can be written as a = Y __ a4, where we let a, denote the g-component

geG
of a. Let H = (kG)* and denote the dual basis by {p, },ec. It is not difficult to check
that the action p, - a = a, for all ¢ € G makes A an H-module. Using the grading
and the comultiplication in (kG)* calculated in Proposition 2.5.2, we see that for any

g €@,

Py (ab) =) pol@)p,(b) = Y (as)(by).

Y=g TY=g

On the other hand,

(ab)g = ((Z az) (Z by)) = Z(am)(by>,

g
which establishes property (3.1) in Definition 3.1.4. Furthermore, for any grading of
A, we must have that (14), = d; 4, satisfying property (3.2).

Conversely, suppose that A is a left (kG)*-module algebra. Alternatively, this
means that A is a right (kG)-comodule algebra with some structure map p. We will
begin by writing p(a) = Zg ay ® g and attempt to calculate the “coefficients” a,.
Using the fact that A is a comodule we have that (p® I)op = (I ® A) o p and

thus we have (ay), = 04pa,. Therefore, p(a,) = a, ® g. Then for each g, define
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the subspace A, = {a,|a € A} and by our computation we have that A, N A, =0
for ¢ # h. Moreover, the comodule structure requires that for all @ € A we have
a®l = (I®ce)p(a). Thus, >  a; = a for all a € A. Therefore we may write
A= e A, so that A is a G-graded vector space. Furthermore, this decomposition
provides an algebra grading. Indeed, let a, € A, and b, € A, and recall that the
multiplication of A must be a comodule map to see that p(a,by) = p(a,)p(bn) =
agb, ® gh. That is, AjA, C Ay, for all g,h € G. Similarly, since u is a comodule
map, 14 = u(l) € Ay. |

Remark 3.1.11. The importance of the two previous examples cannot be overstated.
Recall that over algebraically closed fields of characteristic 0, if H is cocommutative,
H = kG. On the other hand, when H is commutative, H = (kG)*. Hence, when
working over algebraically closed fields of characteristic 0, to study actions of co-
commutative Hopf algebras is to study group actions. Similarly, to study actions of

commutative Hopf algebras is to study G-graded algebras for finite groups G. [ |

In the sections that follow, we will introduce some specific examples of actions of
Hopf algebras which are both non-commutative and non-cocommutative on various
rings. In terms of the algebras being acted upon, we will be most interested in two
specific examples: polynomial rings k[z1, ..., z,] and the so-called quantum plane,
kylz,y] = k{z,y|yr — qry). In particular, both of these algebras share the property
that they are graded by degree. That is, they can be written as A = @, A,, where each
A, is the vector space of all monomials of degree n and A;A; C A;;;. Additionally,
all of the actions we consider will preserve degree. That is, if h € H and a; € A;,
then h - a; € A;. The following propositions deal with matrix representations for

automorphisms on these algebras, and will prove useful as we progress.

Proposition 3.1.12. Let A = k[z1,...,x,], a polynomial ring and suppose H acts

on A. Conjugation in the representation of H induces an automorphism of A.
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Proof. The result follows since conjugation is accomplished by multiplication of an

invertible matrix. Any such matrix represents an automorphism of A. [

Proposition 3.1.13. Let ¢ = —1 and A = ky[z,y]. Suppose o acts as a degree pre-
serving automorphism of A. Then the 2 X 2 matrix representing o as a transformation

on Ay must be either a diagonal or skew diagonal matrix.
Proof. First write
e b
o e dl

Now o is an automorphism, so it must be invertible, thus ad # be. Moreover

o-xy=(c-2)(c-y) = (az + cy)(bxr + dy) = abx® + (ad — be)xy + cdy?,
and

o-yr=(c-y)(o-z) = (bx + dy)(ax + cy) = abz® + (bc — ad)zy + cdy®.

From the relation o(yx) = —o(xy), we obtain the equations ab = 0 and cd = 0.
Moreover, from ad # bc, we note that we cannot have both a = ¢ = 0. Similarly, we
cannot have both b = d = 0. It is not difficult to check that if b = 0 we obtain a

diagonal representation and when b # 0 we obtain a skew diagonal representation. W

Proposition 3.1.14. Let A = ky[z,y] and ¢* # 1. If o is a degree preserving
automorphism of A, then o must be represented in 2 x 2 matrices by a diagonal

matrix.
Proof. As before, begin by letting
e b
4 c d |’
such that the above matrix has full rank, that is ad # bc. Consider,

o-ay=(0-2)(0-y) = (az + cy)(bxr + dy) = abz® + (ad + gbc)zy + cdy?,
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and
o-yr = (0-y)(o-x)= (b + dy)(ax + cy) = abz® + (bc + qad)zy + cdy’.

We use the relation o - yz = ¢(o - zy) and equate coefficients to obtain the following

system of equations:

0=ab(l—gq)
0=cd(l—q)
0 =be(l—q?).

Some computation gives that the only solution is b = ¢ = 0, implying o is represented

by a diagonal matrix. [ |
Lemma 3.1.15. Any matriz over C with finite order is diagonalizable.

Proof. Let M be such a matrix and suppose that M"™ = I. Then the minimal poly-

nomial for M divides 2™ — 1, a polynomial with distinct roots over C. |

We conclude this section with another important idea that will be utilized throughout.

Definition 3.1.16. Let A be an H-module algebra and I C H a Hopf ideal. The
action of H on A is said to be factorable through I if it induces an action of H/I

via h-a = h-a such that A is an H/I-module algebra.

Proposition 3.1.17. Let A be an H-module algebra and I C H a Hopf ideal. Then
the action of H on A is factorable through I if and only if for every a € A, h € I,
h-a=0.

Proof. Suppose the action is factorable through I. Then if h € I, 0 = h € H/I. The
module condition implies that for any a € A, 0 =0-a = h-a = h - a. Conversely,

suppose that h-a = 0 for all h € I and a € A. We wish to show that the action
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h-a = h-a endows A with the structure of an H/I-module algebra. The module
condition is not difficult to check and when h ¢ I, the other conditions are easily
established as well. We must verify that equations (3.1) and (3.2) hold in the case
that h € I. As above, since h € I, h = 0 so that h-a = 0 for all « € A. For any

a,b € A we must have,

> (h1-a)(hy-b) = (b1 -a)(hs - b) =0,

by definition of the comultiplication in H/I and the fact that either hy € I or hy € T
for each term in the sum above. (recall A(h) € I ® H+ H ® I for a Hopf ideal). This

is consistent with 0 = h - ab and thus establishes equation (3.1). Moreover,
g(h)1 =¢e(h)1 =0,

again by the definition of € and the requirement that (I) = 0 for a Hopf ideal. This

coincides with the condition % - 1 = 0 and therefore equation (3.2) is established. M

Remark 3.1.18. Suppose that an element h € H generates a Hopf ideal. Now
imagine that we find a representation p : H — M(k) into an appropriate matrix
ring so that p gives rise to an action on the degree graded algebra A = @@, A, and
furthermore p(h) acts as the zero map on all degrees. That is, h - A, = 0 for all
n. The preceding proposition says that the action factors through I = (h) and we
may as well regard the action as simply that of H/I. As we progress, we will want
to consider actions of Hopf algebras with a specified dimension. Hence, we will not
consider representations giving rise to actions that factor since H/I has dimension

strictly less than that of H. [ |

In Chapter 4 we will prove that there are no actions by nontrivial semisimple Hopf
algebras with dimension less than or equal to 15 on polynomials. However, if we relax
the condition that the Hopf algebra be semisimple we can construct an example of a

polynomial H-module algebra. The rest of this chapter is dedicated to this example.
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3.2 Actions of the Taft algebras

Motivated by the comments of Remark 3.1.11 we turn our attention to the actions
of nontrivial Hopf algebras, that is, those that are both non-commutative and non-
cocommutative. The Taft algebras H,(\) provided our first examples of such Hopf
algebras and we will exhaust the study of their actions on polynomial rings here.
Notice that H,()\) is not semisimple since the ideal generated by z is nilpotent.
From this point forward, we will assume that our field k is algebraically closed of

characteristic zero. In fact, unless explicitly stated otherwise, we assume k = C.

3.2.1 Actions on kfu,v]

We begin with Hopf algebra actions for H = H,(\) on polynomials in two variables;
that is, A = k[u, v]. We seek a representation of H, () as an algebra in M»(C). Recall

from Example 2.3.5 that we must satisfy the following relations:

g'=1, 2" =0, xg= gz, (3.3)
where A is a primitive n-th root of 1. We begin with a lemma.
Lemma 3.2.1. (x) is a Hopf ideal.

Proof. (x) is a coideal since e(x) = 0 and A(z) =g®z+2x®1 € H,(A\) @ (x)+ () ®
H,()\). Moreover, S({x)) C (x) since S(x) = —g" 'z € (z). |

It is not difficult to show that if x acts as the zero map on degree one monomials,
i.e. it is represented by the zero matrix, then by induction it acts as the zero map on
all of A. This will cause the action of H to factor, and by the rationale of Remark
3.1.18 we will not consider such representations. Recall that since A is a polynomial

algebra, by Proposition 3.1.12, we may make a change of variables in A so that x is
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in its Jordan form. Now x is nilpotent, but is not the zero matrix, so it must have

'_>01
x 00 )

Then, writing ¢g — (g,;) in this basis and using the relations in (3.3), we obtain the

Jordan form

following equations:

922 = Agn
g21 = 0.

a
g|—><0 )\a)

for some a, 3 € C. We must now ensure that H,(\) can act as a Hopf algebra on

Thus, we can write

A = kf[u,v]. It is sufficient to check the generators for both H,(\) and A. That
is, it is sufficient to guarantee that z - (uv) = x - (vu) and g - (uv) = g - (vu). The
matrix for ¢ is invertible provided a # 0 so that g, a group-like element, is in fact an
automorphism. From this, it is clear the relation for g holds. Consider the relation

for . Given the coalgebra structure in Example 2.3.5, we require that

z-(w) = (g-u)(z-v) + (r-u)v = au?
and

z - (vu) = (g-v)(z-u) + (v v)u = u?

be equal, from which we obtain that o = 1. Thus the following representation for

H, (X\) gives a Hopf algebra action on A = k[u, v]:

0 1 1 3
o (00) o= (a )

for some 3 € C. Suppose that 3 # 0. The eigenvalues of the matrix representation

B

15, 1), respectively.

for g are 1 and A, with corresponding eigenvectors (1,0) and (

Hence, we can make another change of variables and write

g

A = klu,v] = klu, 1

u 0],
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in the new eigenbasis. Of course, with these generators, g is represented by a diagonal

(")

Moreover, the representation for z in this basis is the same,

(01
t 0 0

since z-u =0 and z - ((6/(A —1))u + v) = u. Therefore, we need only to consider

matrix,

the case when § = 0.

We now calculate the fixed algebra. If we denote the set of elements fixed by g
as A9, then it is clear that AN C A9 We see immediately that u € A9 since
g-u=u = &(g)u. Moreover, we notice that for i € N that g - (v') = g- (v'"1)(g - v)
and by induction on i, we obtain that g - (v') = (¢g-v)’. Therefore, g- (v') = (Av)?, so
that if i = n, g - (v™) = e(g)v"™. Hence, A9 = k[u,v"].

Now, we need to find all elements of k[u,v"] which are also fixed by z, that is,
such that x - a = e(x)a = 0. It is immediately clear that = -« = 0, but again we must
consider powers of v. Note that z-(v?) = (g-v)(z-v)+(z-v)v = Auv+uv = (A+1)uw.

By induction on ¢, we can show:

Lemma 3.2.2. The following relation holds for all ¢ € N.
z- (W) =N N2 A Duet
Proof. 1f the assertion is true for ¢ > 2, then

z- () = (g- (0))(x-0) + (z- ()
= (W) u+ NN Dt

= (N HEXTE RN D

as desired. [ |



73
So we have, z - (v") = (A"1 + A" 2 4 ... + Duw" ! = 0, and therefore
A — A9 — K, 0"].
3.2.2 Actions on kfuy,...,u,] for r >3

In the preceding subsection, we determined all possible Hopf algebra actions of Taft
algebras on polynomials in two variables. In this section, we show that all Hopf
algebra actions on polynomials in three or more variables reduce to actions on two

variables in the following sense:

Theorem 3.2.3.

(a) In terms of the representation of H (as an algebra), there is only one possible

Jordan form for x, and in this representation, x* = 0 (and therefore, x™ = 0).

(b) Given this matriz representation, we may write the matriz representing g as:

G 0

0 1)’
where I and 0 represent the identity and zero matrices of the appropriate sizes,
and G s the 2 X 2 matriz that represents g in the preceding subsection, §3.2.1.

That is, G represents g in defining a Hopf algebra action of H,(\) on polynomials

m two variables.

(c) AN = kluy,uf, us, ... u] =2 (K[, uo) V) [ug, ..., u,]). That is, the fived
algebra for A = k[uq,...,u,] is just the algebra formed by appending r — 2
independent variables to the fized algebra calculated for klu,v] in the preceding

subsection.

Proof of this theorem will be the goal of this subsection. As before, x cannot be
represented by the zero matrix, but does have zero as its only eigenvalue. To begin,

we restrict the possible representations with the following lemma.
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Lemma 3.2.4. Suppose we define a Hopf algebra action for H,(\) on A. The Jordan

form of the matriz representing x can have blocks no larger than 2 x 2.

Proof. Without loss of generality we may assume that the non-zero Jordan blocks
occur in the uppermost leftmost corner, in order of decreasing size. Suppose that x

contains a block with dimension greater than 2 x 2. We write,

o O O
o O =
O = O

Let g = (g45) fori,j =1,...,r. We have the products:

921 g2z Y23 0 g1 12
gs1 g2 g3z T q 0 g goo i ™

g 0 0 0: an gr = 0 g3 g3 !
x : x x x

Then from the relation, xg = Agx, we obtain that 0 = go; = g31 = g32, 933 = Ag22 =

A2g11, and ga3 = Ag12. Thus for some «, 3,7 € C, g is represented by

a By
0 A A3 %
0 0 MNa

Now consider the action of x on the product, ujus.

x - (uug) = (g ur)(x - ug) + (- up)ug

= auj,

and

x - (uguy) = (g - ug)(x - uy) + (2 - ug)uy

_ 2
= uj.
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Thus, as was the case for actions on k[u,v], we have that & = 1. Now, we let = act

on the product, usus.

- (ugus) = (g - u2)(x - us) + (2 - uz)us
= (Bug + Aug)us + uqug

= )\ug -+ ﬁUﬂLQ + ujus,
but

x - (ugug) = (g - ug)(x - ug) + (x - ug)us

= (yuy + A\Bug + Nuz)u; + u3,

by which we see that no matter what values we choose for # and v, we must have

that A = 1, a contradiction. [ |

Proof of Theorem 3.2.3(a). We need to show that z is represented by

X —

As before, writing g = (g;;) where i,j = 1,...,r, and using the relation zg = Agz,
we obtain the equations ges = Ag11, g24 = Ag13, ga2 = Ags1, and gy = Ag33. Now,

consider the action of x on the product ujus.

T (uug) = (g ur)(x - ug) + (- up)usg

= (Z gertg)us,
=1
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and

x - (uguy) = (g - ug)(x - uy) + (x - uz)uy

2
:ul-

Hence, g11 = 1 and gy = 0 for all ¢ # 1. Similarly, applying x to the product usuy

yields that g33 = 1 and gp3 = 0 for all £ # 3. Then, applying = to usuys, we see that

x - (uguy) = (g - ug)(x - uyg) + (T - ug)uy

= (gr2u1 + Aug + - - - + grou, )us + uquy,

but

x - (ugug) = (g - uq)(x - ug) + (2 - ug)us

= (grau1 + gaaus + Aug + - - + Gratiy)us + uzus.

Comparing coefficients in either of the terms containing usus or ujuy, implies that

A =1, again a contradiction. [ |

Proof of Theorem 3.2.3(b). Now that we know the Jordan form of x, we can ex-

plicitly determine g. As before, the relation zg = Agx yields the following:

e ﬁ*
g — 0 A

Then, if we assume that H,(\) acts on A and consider x - (ujug) and x - (uguy), we
observe that we must have 0 = ¢;; for all i > 2, and g;; = 1 (thus gos = \). Now, we

consider the general product, usu;, when j > 3. In this case,

T - (uguy) = (g - u2)(x - uy) + (v - ug)uy

= U1Uy,
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and

z - (ujug) = (g uj)(w - ug) + (7 - uj)ug

= (Z gijui)ul-
i=1

Therefore, g;; = 0;; for all j > 3, where ¢;; is the Kronecker delta. Hence, g has the

form:
1 aq

A
(131

a, 1

This will give rise to an action on A since z - (u;u;) = 0 for all choices of 4,5 # 2
and we have computed explicitly the action on products when either ¢ = 2 or j = 2.

Notice that the vectors,

1 S 0 0
1 0 0
0 ) % ) 1 9. ) 0
O] L] LO] | 1]
are linearly independent eigenvectors of g corresponding to the eigenvalues 1, A, 1,...,1

respectively. One can check,

a ar ar
1 a 1 ar + 33 A1
A 1 A 1
as as as
ag 1 i | = | Bt | =2 a1 |,
ar ar ar
| W L] a5 ] | ar 5375 e

and the others are easy. Thus if we consider the algebra A = k[u;, UL + ug +
B Ug A Uy, U, - - U] = K[y, .. u,], we see that the representation for g

can be written as
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the desired diagonalized matrix. [ |

Proof of Theorem 3.2.3(c). As was the case in the previous subsection, checking

the actions of x on the new generators for A gives the same representation,

0 1:
z=1 0 0:
""""""" 0
First, we calculate A9. It is easy to see that if ¢ # 2, then g - u; = u; = €(g)u,.
However, we can show by induction that ¢ - (u) = (g - u2)’ = (M)’ and hence
A9 = kfug, uly, ug, . .., u,.

In order to compute A#»M we simply must find which generators of A9 are fixed
by x. That is, for which a € A9 do we have = - a = e(z)a = 0. Clearly, for any i # 2,
we have x - u; = 0 so that all such u; € A" Analogously to Lemma 3.2.2 we can
also show that

- (uh) = N XN e A Duguy

Thus, = - (u) # 0 for any £ < n, but x - (u}) = 0. Therefore,
AN = A9 = Eluy,ul, ug, . .. uy).

Hence, AT™ = (k[ug, us]™™) [ug, ..., u,. [



Chapter 4: Reflection groups and Hopf algebras

Our major goal is to describe a generalization of group actions on rings. Through-
out the rest of this thesis, our principal motivation will be a generalization of the
Shephard-Todd-Chevalley Theorem, a classical result describing the invariant subal-

gebras of polynomial rings under group actions.

4.1 Reflection groups, integrals, and trace func-
tions

Let V be a finite dimensional complex vector space. A transformation T : V — V
of a finite subgroup of GL(V) is called a pseudoreflection if it fixes a codimension
one subspace of V' (and is not the identity transformation). In practice, this means
that 7" has all but one of its eigenvalues equal to one, and the last equal to some
other A € C. Let G be a finite group of transformations on V. If additionally, G is

generated by pseudoreflections, then G is called a complex reflection group.

Theorem 4.1.1 (Shephard-Todd-Chevalley Theorem). Let G be a group of automor-
phisms acting on a polynomial algebra A = k[xq,...,x,]. Then the ring of invariants
A% s isomorphic to a polynomial algebra if and only if G is a complex reflection

group. [ |

One method of generalization first replaces the polynomial ring with a non-
commutative analog. A finite group of automorphisms acts on an Artin-Schelter
regular algebra A and one considers when the fixed algebra A“ is Artin-Schelter
regular. This is a generalization to non-commutative algebras since the only commu-

tative Artin-Schelter regular algebras are polynomials. En route to a full generaliza-
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tion to Hopf algebra actions, Kirkman, Kuzmanovich, and Zhang investigate when
AH is Artin-Schelter Gorenstein (a slightly weaker condition than Artin-Schelter
regular) provided that A is Artin-Schelter regular. For precise definitions of Artin-
Schelter regular and Artin-Schelter Gorenstein algebras as well as their formulation in
this context see [1] and [10]. Henceforth we will simply say “regular” when we mean
“Artin-Schelter regular.” Suppose that A is regular and H is a finite-dimensional
semisimple Hopf algebra acting on A, a complete generalization of Shephard-Todd-

Chevalley to Hopf algebra actions must answer:

Question 4.1.2. What are the properties of the action of H on A such that the
invariant algebra A is reqular? By analogy to Theorem 4.1.1, such a Hopf algebra

H will be called a quantum reflection group.

Before continuing, we give a few definitions and results for H-module algebras
which are analogous to useful ideas in the case of group actions. From this point
forward, we will be mostly interested with semi-simple Hopf algebras (that is, their
underlying algebra structure has no nilpotent ideals). Many of the following results

should be viewed as a justification for this specialization.

Definition 4.1.3. Let H be a Hopf algebra. A left integral in H is an element
t € H such that ht = e(h)t, for all h € H. Right integrals are defined analogously.
fIl{ denotes the space of left integrals and f; denotes the space of right integrals. If
fll{ = [;,. then H is called unimodular and we simply write [, for the space of

integrals.

Example 4.1.4. When H = kG, then t = decg is a left and right integral for
H. This is not difficult to check using that £(g) = 1 for all g € G and that gh = gk

implies h = k for all g, h, k € G since the elements of G are invertible. |

Theorem 4.1.5. Let H be a finite dimensional Hopf algebra. Then the following are

equivalent.
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(i) H is semisimple.
(i1) H is unimodular.
(iii) &(fy) # 0.

(iv) () # 0.

Proof. 1t turns out that (i) and (i7) are equivalent even in the infinite dimensional

case. For a full proof, see Montgomery [18]. [ |

Recall that when a finite group G acts on an algebra A we can define a trace
function tr : A — A% by a — deG g-a. We have already commented that ¢ = deG g
is a left (right integral) in H = kG. This suggests the following generalization of trace

to Hopf algebra actions.

Lemma 4.1.6. Let H be a finite dimensional Hopf algebra, A an H-module algebra,
and 0 #t € f;l Then the map t : A — A defined by a — t - a is an A" -bimodule
map with values in A" (Note: here “M is an R-bimodule” means M is both a left

and right R-module.)

Proof. Checking that ¢ is a bimodule map is straightforward. We verify that the

values are indeed in A”. Let a € A, h € H. Then
h-(t(a) =h-(t-a) = (ht)-a= (e(h)t) - a = e(h)(t - a) = e(h)(i(a)),
showing #(a) € A7, |

Definition 4.1.7. A map t : A — A as above is called a left trace function for

H on A.

Remark 4.1.8. Now suppose that H is semisimple. Then by Theorem 4.1.5 we may
choose t € [, such that €(t) = 1. Then for any a € A we have that {(a) =t -a =
e(t)a = a. Then, it follows that the image #(A) = A¥. That is, in the case of finite

dimensional semisimple Hopf algebras, the trace function is always surjective. [ |
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Now we make more precise some of the properties that are important about the

algebras we consider. Let A be a locally finite N-graded algebra, that is
A=A DA DA D -

where A;A; C A;y; and 1 € Ay with dim(A4;) < oo for all 7,7 € N. Additionally,
when Ay = k the algebra is said to be connected. Notice that polynomial algebras

and the quantum plane are both connected locally finite N-graded algebras.

Definition 4.1.9. The Hilbert series of A is
Hy(t) =) dim(A,)t"
n=0

As a formal power series, the Hilbert series measures how quickly the algebra is
growing as the degree increases. Stated another way, H4(t) tells how many indepen-
dent generators there are in each degree. The computation of this series can uniquely

determine the algebra in question. In particular, consider the following example.

Example 4.1.10. Let A = k[x,y] with deg(z) = deg(y) = 1, that is, a polynomial
algebra in 2 variables. Notice that in degree zero there is one generator since Ag = k,
in degree one we have A; = (z,y), in degree two there are three generators A; =

(x?,y?, zy), and so on. Thus we have

Ha(t)=1+2t+ 3" +4° + -+ = ﬁ
In fact, A is the only commutative algebra which is 2-generated in degree one with
this Hilbert series. Now suppose instead that deg(y) = 2. Then it is not difficult to
show that

1
(1-t)(1—22)

Hy(t)=1+t+262 + 265 + 3t +3t° + ... =

We comment that there are two terms in the denominators above, each corresponding
to one of the generators x and y. The quantity (1—¢*) in the second series corresponds

to the fact that deg(y) = 2. |
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We end this section with another generating function that will be useful in the
calculation of our examples. There is another notion of trace in the realm of formal
power series. Suppose that H acts on a graded algebra A, then for h € H one can

define the trace of h as the series
Tr(h,t) =) tr(hla)t",

where tr(h|,4, ) denotes the trace of the linear transformation induced by h by restrict-
ing to the degree n component subspace A,,. When H has finite dimension and is
semisimple, we know that for 7 € [, such that e(7) = 1, the associated trace function
7: A — AH is surjective. Using this fact, Kirkman, Kuzmanovich, and Zhang extend
a well-known theorem of Molien (regarding invariant algebras under group actions)

to the case of Hopf algebras.

Theorem 4.1.11 (Molien’s Theorem). Let H be a finite-dimensional semisimple
Hopf algebra acting on the connected locally finite N-graded algebra A such that A is
an H-module algebra. Then Hau(t) = Tr(7,t) where T € [, with e(1) = 1.

Proof. See [10], and for more context see [8]. |

4.2 Semisimple Hopf algebras of dimension 8

Larson and Radford [13] proved that a semisimple Hopf algebra H of odd dimension
< 19 over any field k is both commutative and cocommutative. Therefore, as we
have mentioned earlier, if k is algebraically closed, H is isomorphic to kG = (kG)*,
for an abelian group G. Further, we have demonstrated (Proposition 2.4.3) that
the same is true for H with dimension = 2, since H = kCy = (kCy)*, and the same
conclusion holds for dimension 4. Masuoka [15] has shown that there are no nontrivial
semisimple Hopf algebras of dimension = 6, but there is one such isomorphism class

of Hopf algebras having dimension 8. The unique (and hence self-dual) semisimple
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Hopf algebra of dimension 8, henceforth denoted Hg, that is neither commutative nor

cocommutative, is generated as an algebra by x,y, z with relations,

1
?=yt=1, 2225(1+$+y—xy), yr =Y, 2 =Yz, 2Y = TZ.

The coalgebra structure and antipodes are,

Alz)=z@z, Aly)=y®y, z)=¢c(y) =1,
A(z):%(1®1+1®x+y®1—y®x)(z®z), c(z) = 1,

S(x) ==z, Sy)=y, S(z)==
4.2.1 Actions on kfuq, ..., u,)

We wish to find examples for actions of Hg on algebras A, and we will begin by
considering the case when A is isomorphic to a polynomial ring, k[uy, ..., u,], of n
independent variables. In this subsection we will show that there are no such actions.
We will assume that k& = C, so our first task is to find a representation of the algebra
in the appropriate matrix ring, M,(C). Notice that since x and y commute and
are automorphisms of A, we may assume that they are simultaneously diagonalized
since conjugation is an automorphism of A. Furthermore, they must square to the
identity, implying that each has eigenvalues consisting of only +1. Therefore, up to

automorphism in A, we can represent x as,

€T — ( —1In, I )

where I,,, is an identity matrix of dimension n; x n; and n; is not necessarily equal

to ny. To narrow our choices further, we have the following result.
Lemma 4.2.1. The ideals (1 — z), (1 —y), and (x —y) are Hopf ideals.

Proof. We will prove the result for the latter; the others are similar. Certainly e({x —
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y)) = 0, and moreover,

Alz—y)=z0r-yQ®y
=IrRr—yYRLY+rQRY—rRY
=r@(@—y)+(r-y) @y

€ Hy® (x —y) + (xr —y) ® Hs,

showing that (x—y) is a coideal. The antipode requirement holds since S(z—y) = z—y

so S((z —y)) € (x —y). u

Remark 4.2.2. It is not difficult to check that since = (respectively y) is an auto-
morphism, if z (resp. y) is represented by the identity matrix, then z (resp. y) acts
as the identity map on monomials of all degrees in A. Thus 1 — z (resp. 1 — y)
acts as the zero map in all degrees and any action of H on A will factor through the
ideal I = (1 — x) (resp. (1 —y)). Similarly, if z and y act identically on degree one
monomials, then since both are automorphisms, an inductive argument ensures they
will act identically on monomials of all degrees. Thus z — y will act as the zero map

on all of A and any action of H on A will factor through the ideal I = (z —y). W

Lemma 4.2.3. If p: Hy — M,(C) is an algebra map such that p(x) # p(y), then p

1s not a representation of Hyg.

Proof. Suppose that p(z) # p(y). By the results above, we may represent x and y

without loss of generality as

-1, -1,

T — -1,

1
2 Y y = InQ )

L, L,
where I,,, represents an identity matrix of dimension n; X n; and n;, ne, ns are natural

numbers such that n; + ny + n3 = n. We will write,

A B C
z— | D E F
G H J

Y
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where each entry is a block matrix of corresponding size to those in z and y, for
example A has dimension n; x n;. Using the relations zx = yz we observe that

C,D,E,G,H = 0. Additionally, from zz = zy we obtain B, F' = 0. Then,

A2
22— 0
BQ

On the other hand,

1 —1

P=(l+a+y—ay) I ,
2
I

yielding the matrix equation 0 = I, a contradiction. [
Theorem 4.2.4. The polynomial ring k[u, ..., u,] cannot have the structure of a

non-factorable Hg-module algebra.

Proof. By Lemma 4.2.1 we cannot have x and y represented by the same matrix,

while Lemma 4.2.3 says we must have x and y represented by the same matrix. H

4.2.2 Actions on kjlu,v]

Though we have shown that Hg cannot be made to act on polynomial algebras, in
this subsection we compute all of its actions on the algebra k_;[u, v]. Throughout, let

A = k_q]u,v] and k = C. The following example is due to Kirkman, Kuzmanovich,

and Zhang [10].

Example 4.2.5. One can check that the following is a representation for Hg into

Lo o - [t oo
10/ Y 1 0 |’ 0 —1 |

Further, it is easily verified that the above representation gives A the structure of

2 X 2 matrices:

an Hg-module algebra. Let G = (z,y) denote the group generated by the group-

like elements and A® be the algebra of invariants under the action of kG. Some
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computation yields that A% = kla, b, c] where
a— v —ud, be ut? co w40 (4.1)

and the generators satisfy the relation 4b*> —bc? —a? = 0. Using the generalized version
of Molien’s Theorem and the concept of surjective trace, it can then be demonstrated

that the full invariant algebra is given by
A5 = kla, .

Note that this algebra is abstractly isomorphic to a polynomial ring in two variables
since ac = ca. Thus, we should regard Hg as a “quantum reflection group” in this
case, even though the representation given above does not generate a reflection group
in the classical sense. In fact, even the group G(Hg) = (z,y) is not generated by

classical pseudoreflections. [ |

The following example is similar, only using a different representation for the Hopf
algebra. Later, we will verify that the representation below and the one used in the

above example are the only representations which make A an Hg-module algebra.

Example 4.2.6. It is not difficult to check that the following is a representation of
Hg in 2 x 2 matrices.

. 0 1 . 0 -1 . 0 1
T oo -1 0 |" "7 | =0
With the above representation, we claim that A has the structure of an Hg-module

algebra. Indeed, since A(zx) =z ® x and A(y) = y ® y, one can check that x - (vu) =

—z-(uwv), and y- (vu) = —y- (uv). To check that the action of z preserves the relation,
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recall that A(z) =3(1®1+1®z+y®1—y®z)(2® z). Then,

((z-0)(z-u) + (z-v)(wz - u) + (yz - v)(z - u) — (yz - v)(2z - u))
((2u)(=iv) + (i) (—iv) + (—iv)(—iv) — (—iv)(—iu))
(wv +u* — v* + vu))

(u? — v?).

N
—~
<
<
~—
|

NN~ —DN| -

On the other hand,

z - (uww) = % (z-u)(z-v)+ (2 u)(zz-v) + (yz-u)(z-v) — (yz - u)(rz - v))
= & ((=iv)iu) + (i) (iv) + (i) i) — (iu)(iv)
1 2 2
= ? (vu + v* — u? + wv)
D) (v* —u?),
showing that, indeed, z- (vu) = —z- (uv). Now, we compute the algebra of invariants,

A5 'We begin by noting which elements of A are fixed by the group-like elements
x,y € Hg. Notice that G = (x,y) is represented exactly as in Example 4.2.5. Thus
A% = kla,b, c] where a,b,c are given as in (4.1). Checking the action of z on these
elements gives

1

z-a=—a, z-b=b—-d?, z-c=c.

4

Hence, we have that ¢ € A" and z-b € AY. Furthermore, we note that k[a, b, c] is
a commutative ring and let B = k[a?, c|. We claim that A”* = B. First, note that

indeed a? € As since,

z-a —%((zwt)(z'a)+(Z-a)(xz~a)+(yz~a)(z'a)—(yz~a)(1’z~a))
Lo o 2 9
:é(a +a°+a” —a”)

= 0,2.
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Now suppose that a € A and 3 € A. In this case, we can show that z - (o) =

a(z - ). For since a € Affs|

2 () = 5(a(z - 0) +alaz - B) + alz - ) ~ alzz - §)) = alz - ).

A similar calculation gives that z-ab = —a(z-b). Moreover, we have that B = k[a?, c|] C

Le2p — 12 =0

Afs C AS = k[a,b,c] = Bla][b]. Since a,b, c satisfy the relation b* — 1

1
1

we can write any element d € A% in the form
d= (fl(a27 C) + gl(a’27 C)Cl) + (f2(a27 C) + 92(6L2, C)G)b,

for some polynomials f;, g; € B. Now suppose that d € A®s and consider the result

of z - d. Using the results from our previous calculations, we observe that

z-d=2z-(f1 +gia+ fob+ goad)
= fi+gi(z-a) + fa(z - b) + g2(z - ab)
= fi — qra + fa(z - b) — gaa(z - b)
=fi—gia+ (fa — gea)(z-b)

— hi—mat (o~ a)(b— 1a?).

Now if d is to be invariant under z, collecting terms with like degree gives the system

of equations

1
f1=f1—1f2a2
_ +1 2
g = -9 4g2a
g2 = —4g2,

from which we immediately obtain g;, g» and f> are identically zero. Hence B = A™s.

Again, notice that as in Example 4.2.5, the invariant algebra is regular. |

Proposition 4.2.7. The only representations which endow A with the structure of a

non-factorable Hg-module algebra are given in Examples 4.2.5 and 4.2.6.
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Proof. The proof is by brute force calculation. We begin by noting that since x is
group-like (and hence an automorphism) it must be represented by either a diagonal
or skew diagonal matrix, and moreover, x must square to the identity. Then without

loss of generality, in the diagonal case we are free to assume
_ -1 0
’ 0 1)
~(15)
= 1
: 0

for some ¢ € C. When z is diagonal, this is because we cannot have x +— [ or x — —1I.

while in the skew case

In the latter scenario, we would then have y — [ after some calculation. The only

(10
& 0 -1 )°

which is equivalent after the automorphism exchanging the generators in A = k_1[u, v].

other possibility is

In the skew case, we may improve our situation further by the automorphism given

by u +— u, v — (v. With the new generators in A, x is represented by

'_>01
x 10 )

Next we compute all possible representations in these two cases.

Case I: z is represented diagonally

Setting up a system of equations using the algebra relations and computing the

solutions in Maple gives the following possible representations of Hg into 2x2 matrices:

o (32) e (5 )

. 1 0 0 «
(m)y»—>(0 _1> andz»—>(§ 0).

Notice that in (i) we have z and y represented by the same matrix. Hence by Lemma

4.2.1 even if this gives rise to an action, it will factor through (z — y). Now, suppose
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that (i7) gives A the structure of an Hg-module algebra. Some computation yields
that z - (uww) = wv while we also have z - (vu) = uv, a contradiction since vu = —uw.

Thus, there are no actions on A when x is represented diagonally.

Case II: z is represented by a skew diagonal matrix

Assuming x is represented with 1 along the off diagonal, another system of equa-

tions in Maple yields the following solutions:

(z’)y»—>((1) é) and Z'_)i(lga 1;a>wher62a2—2a+1:0,

(i) y— ( _01 _01 ) and 2 ( :g 5) such that 3% =~? — 1.
In (i), y is represented by the same matrix as x, so any induced action is factorable.
We claim that (ii) gives rise to both actions we have computed as examples in this
subsection. In order to check that (ii) endows A with the structure of an Hg-module
algebra, it is sufficient to check the action of z on uv and vu (the rest of the relations
follow from the module requirement and the fact that x and y act as automorphisms).
After some computation, we obtain the relations

- () = 02—+ 298 + ) + 2+ 296 — )

2 (vu) = L2 + 298 — B7) + 02— + 298+ )]

Now, imposing the requirement z - (vu) = —z - (uv), we obtain v = 0. When 5 =0
we have that 2 = 1 giving rise to the action in Example 4.2.5. On the other hand,
when v = 0, we have 3? = —1 giving rise to the action in Example 4.2.6. Finally, for
completeness we note that we have not considered the negatives of the representations
for z in Examples 4.2.5 and 4.2.6, but it is not difficult to check that these give rise

to the same Hg-module structures. [ |
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4.3 Semisimple Hopf algebras of dimension 12

As alluded to in the previous section, the classification of finite dimensional semisimple
Hopf algebras is still a topic of ongoing investigation. In addition to results of the

previous section, Masuoka [16] has proven the following theorem.

Theorem 4.3.1. Let H be a semisimple Hopf algebra over an algebraically closed field
k, with ch(k) = 0. Let dim(H) = 2p with p an odd prime. Then H, as Hopf algebra,
is isomorphic to one of kCyy, kDay, or (kDay)*. Where Day, denotes the dihedral group
of order 2n. |

In particular, this implies that there are no nontrivial Hopf algebras of dimensions
10 or 14. Recall we have already considered odd orders < 19, as well as orders 2,4, 6

and 8 in the previous sections.

For Hopf algebras of dimension less than 20, this leaves only dimension 12,16,
and 18. Suppose that k is algebraically closed of characteristic ch(k) # 2,3 (in
particular, what follows is true in characteristic zero). In this case Fukuda [6] has
shown that there exist exactly two distinct isomorphism classes of semisimple Hopf
algebras of dimension 12 which are neither commutative nor cocommutative. Per
Fukuda’s notation, we will denote these Hopf algebras as A, and A_. As algebras,
A, = A and both are generated by appending a central idempotent element to the

group algebra kSs;. That is, the algebras A4 are generated by o, 7, v with relations

oi=1 T=1v"=1, or =70 av=vwa (a € Ay).
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The coalgebra structures and antipodes of A, (respectively A_) are given by:
Alo)=ov®0c+o(l—v)®ac? (o) =1,
AT)=7®71 (resp. ToRT+T7(l —v)®@7T(20 —1)), e(1) =1,
Av)y=vuv+(1—-v)® (1 —-2v), ) =1,
S(o) =o(l —v) + v,
S(r) =71 (resp. 7(2v —1)), S(v)=w.
Given this structure, it is not difficult to prove that

Lemma 4.3.2. The element u € Ay given by

1
uzév(l—i—a—i-oz—i-T—i-Ta—l—TaQ)

is a left integral. Since Ay is semisimple and () = 1, this implies the associated

trace function [i is surjective.

Proof. Consider left multiplication by the generators:

UU:U(é”(1+0+02+7+70—|—702))
:év(a+02+1+07’+070+070—2)
Zév(0+02+1+702+7+70)
=pu=c(o)u.

The calculations for v and 7 are similar. [ |

We also note that Fukuda has shown that both AL are self dual. Furthermore, if
H is a semisimple Hopf algebra of dimension 12, it must be the case that |G(H)| = 4,
and in particular, G(A,) = Cy x Cy while G(A_) = C,. This fact is not difficult to
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check. In fact, for both AL it is easy to see that 2v — 1 is group-like:

A2u — 1) = 2A(v) — A(1)
—weu+2l-v)e(l-v)—1®1
=200v+2(1®1)-2(1®v) 2w 1)+2(vev)—1®1
=4vev)-2(1®v)-20®1)+1x1
=20 2v—-1)—1® (2v—1)

=2v—-1)® (2v—1).

Then G(Ay) = {1,2v — 1,7,7(2v — 1)}. Moreover, (2v — 1)> = 1 and 72 = 1 so
G(A,) = Cy x Cy. In A_ one can check that the element g = i + (1 — )70 is
group-like and that g?> = 2v — 1. Thus, G(A_) = (it + (1 + 9)7v) = C.

Shortly, we will want to compute representations for A, which allow us to endow

algebras with the structure of an A.-module algebra.

Lemma 4.3.3. Let A =@, A, be an AL-module algebra. If o is represented by the
identity matriz; that is, o acts as the identity map on Ag, then o = idy. The same

result holds for v.

Proof. Suppose that a € A is a monomial with deg(a) = d > 2. Then we may write
a = ayas where each a; is a monomial of degree strictly less than d. We induct on d

to obtain,
o aay = (ov-a)(o-ar)+ (o(1—v)-a1)(0? - az)
— (vo-ar)az + ((1 =)o - ar)ay (v is central)
— (v-a)az + (1 —v) - ay)as
= (v+1-v)ay)as (A is a Hopf module)

= apas.
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To show the analogous result for v, we simply note that when v is represented by the

identity matrix, (1 — v) — 0. Thus

v-ajas = (v-ag)(v-ag) + (1 —v)-a)((1 —v)-az) =ajas +0.
Again, the result follows by induction on the degree of a. [ |
Lemma 4.3.4. [ = (1 — o) and J = (1 —v) are Hopf ideals in both algebras, A.

Proof. First we check that [ is a coideal. [ satisfies the counit requirement, since

£(1 — o) = 0. Moreover,

Al-0)=1®1-0v®0c—0o(l —v)®0*
=1®1l-0v®0—0R0*+0vR0°
=1®1l-0v® (0 —0%) —0o®o?
=1®1-1Rc+1®0c—-0®0*—0v® (1 —0)o
—1®(1-0)+1®c-10c°+1Qc* 00> —0v® (1l —0)o

=1l®(l-0)+1(1-0)c+(1-0)®c*—0v®(1—0)o,

where the first, second and last terms in the final line above are elements of Ay ® I
and the third term is an element of [ ® Ay. Therefore, A(I) CI® AL+ AL ®1. We

now need only to show that S(/) C I. Consider

S(1—0)=25(1)— S(o)
=1—(0(1 —v)+ o)
=(l-0)+(1—0)ov

=(1-0)(1—-0v) el
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Therefore, (1 — o) is a Hopf ideal. For J, we check

Al-v)=101-wev+(l-v)®(1—-"v))
=—Uvu+l®ut+v®l—-v®U
=(l-v)@uv+v®(1-"2)

showing A(J) C J® AL+ AL ® J. The counit and antipode conditions are clear. W

Thus, if we define an action of A, on A in which either o or v act like the identity
matrix on degree one monomials, then the action is factorable. In A, we can restrict

even further.
Lemma 4.3.5. [ = (1 — 1) is a Hopf ideal of A,.

Proof. In A, 7 is group-like and the verification is straightforward. [ |

4.3.1 Actions of Ay on k[zy,...,1,)

In this subsection we prove the following result:

Theorem 4.3.6. The polynomial algebra A = k[xq,...,x,]| cannot be endowed with

the structure of a non-factorable Ay-module algebra for any n.

Lemma 4.3.7. Let A = k[xq,...,x,] be a polynomial ring and suppose that Ay acts
on A. If v is represented by the zero matriz, then o is represented by the identity

matriz.

Proof. Begin by choosing generators x1, ..., x, such that v and 7 are diagonal. This is
possible since v7 = 7v and 7 has finite order, hence is diagonalizable. The conjugation
achieving this diagonal form must be an automorphism of A. Consider a generator

x;. Then v - x; = 0 and therefore,

o272 = (ov-2;)(0-25) + (6(1 —v) - 33) (0 - 23) = (0 - ;) (0% - 5).
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Similarly, 02 - 22 = (02 - z;)(0 - ;) so that o - 27 = 02 - 27 since A is a commutative

i
ring. Acting on the left and right sides of this equation with o2 gives that o -2? = z2.
2

Similarly, o2 - 22

2 = x?. Now, write

o-x; = Zajxj, and 0% x; = Zbgmg.
J ¢
Then we must have
=017 =(0-2;) (0% 1) = (Z aij) <Z aw:g) :
j ¢
We immediately obtain the equation a;b; = 1 by considering the coefficient on the
term z? on the right. In particular, both a; and b; are nonzero. Next we compute
the coefficient of the term z;z; for j # 7 and obtain the equation 0 = a;b; + a;b;.
Multiplying through by b; gives the relation b; = —a;b?. Then consider the coefficient
on z7 for j # i. We must have 0 = a;b; = a;(—a;b7) after substitution, and we see
that ajz = 0 for all j # 4. Thus a; = 0 for all such j and moreover, this implies b; = 0.
Hence we have that o - z; = a;z; # 0 and 0% - 2; = b;x; # 0. This must be true for all
x;, and therefore both o and o2 are represented by diagonal matrices.
Denote the matrix representing o by S and the matrix representing 7 by 7T'. Since
both are diagonal, they must commute and we have the matrix equation ST =TS =

2

S2T where we have also made use the relation 0?7 = 7o. Since T is invertible, we

must have that S = I. |

Proof of Theorem 4.3.6. Suppose that A is an Ai-module algebra. After choosing
generators so that v and 7 are simultaneously diagonalized (as above) Lemmas 4.3.4
and 4.3.7 allow us to write, without loss of generality, the following block matrices

representing 7 and v:

T»—>D10 andvn—>[0
0 Dy |’ 0 0|’
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where D; and D, are both diagonal matrices such that each entry on the diagonal
is equal to £1. Write {z1,...,2,} and {z;11,...,2,} for the set of generators such
that v-zy =z, for 1 </ <mandv-z, =0 form < £ <n. Choose any i € {1,...,m}

and j € {m+1,...,n} and consider

o -z = (ov-z)(0-25) + (0(1 —v) - 2;)(0? - ;) = (0 - 2;) (0 - 7).

On the other hand, taking advantage of commutativity we have

2 2

o-xx; =022, = (ov-xz;)(0-z;) + (o(l —v) - xj) (0" 2;) = (0 - xj) (07 - ;).

Therefore 0 = (0 - z;)((0 - 2;) — (0 - x;)). Suppose that o - x; = 0. Then the matrix
representing ¢ must have the zero vector as its j-th column. However, this matrix
must cube to I by the relation ¢® = 1, a contradiction. Thus we conclude that

o-x; = 02 - x; and acting on both sides with o2 gives that o - ; = x;. This must be

true for all i € {1,...,m} and we have the following representation:
o+ 5 T = Dy 0 and v +— L0
0 Sy |’ 0 Dy |’ 0 0|

where corresponding blocks have identical dimensions. Using the relation ov = vo,
we see that S; = 0. Now, since 7-z; = £x; for all 7, the action of Ay on k[xy, ..., z,]

induces an action on k[Z41, ..., x,] with the following representation:
o+— Sy, T+ Dy, and v+— 0.

Then, by Lemma 4.3.7 we must have that So = I. Therefore S = I, giving rise to a

factorable action. [}

Combining the results of this section with those in §4.2, we have proven the

following theorem:

Theorem 4.3.8. Let H be a nontrivial semisimple Hopf algebra over an algebraically

closed field of characteristic zero with dim H < 15. Then for any n > 2, there are no
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non-factorable actions of H on the polynomial algebra A = klxy, ..., x,| which make

A an H-module algebra. [ |

4.3.2 Actions of A, on kj[z,y]

Let A = ky[z,y]. In this subsection, we will consider non-factorable actions of A,

and we begin by considering representations into 2 x 2 matrices over C. Let

1—a b }

d

a b
Ul—>|:c } so that 1—v»—>{ e 1-—d

Apply the action of v to obtain
v-yr = (2ab — b)x* + (qad + 2bc + q(1 — a)(1 — d))zy + (2cd — ¢)y?
v-xy = (2ab — b)a? + (ad 4 2gbc + (1 — a)(1 — d))xy + (2¢d — ¢)y*.
Requiring that v - yz = q(v - xy) and equating coefficients gives the conditions,

22 g=1lorb(2a—1)=0
y’: g=1lorc(2d—1)=0 (4.2)
xy: ¢>=1or bc=0.

We have already considered the case when ¢ = 1 in the previous subsection. Now
suppose ¢> # 1. Then (4.2) and the algebra relation v?* = v together provide a
system of equations in a, b, c and d. Computing the solutions in Maple gives only the

following as possible representations for v:

{1 0} {1 O} [0 0} {O 0}

01}’ 0 01}’ 0 11|’ 0 0|

Per our previous results (Lemma 4.3.4), the first representation (in which v is the
identity matrix) will give rise to a factorable action. Also up to interchanging the
generators of A, the second and third matrices above are the same. Moreover, we

note that 7 is an automorphism and must be represented diagonally when ¢* # 1,

reducing without loss of generality to the following two possible representations,
s | TS - -1 0
t u |’ 0 11’

U 10 or v—10
0 0
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Consider the first representation. From the relations ov = veo, 02 = 1, and o7 = 702

we obtain a system of equations in r, s, ¢, u. Some computation gives the only solution
asr=u=1,s =t =0. That is, 0 — [. By Lemma 4.3.4, this representation factors
the action of A, on A.

When v is represented by the zero matrix, there is one additional solution. The

corresponding representation for o is

L1 _3 ) 1 3
0"—>|:£2 _?],OH[_E _45%}. (4.3)
Notice that if ¢ acts on the product yxr = gry we obtain
3, (31 £,
a-yng—gx + (Z—i—zq)xvagy )
o-xYy = —%xz—i— (%(JﬂLi) Y — gZJZa
where in particular we must have % = —q% after equating coefficients of 2. Thus
we must have ¢ = —1 showing that (4.3) cannot give rise to an action on k,[z,y],
when ¢* # 1.
The only remaining case is ¢ = —1. By Proposition 3.1.13 we must have that

the automorphism 7 is represented by either a diagonal or skew diagonal matrix. As
before, we begin by considering representations for v. Using that v is idempotent and
the equations (4.2), Maple gives five solutions to the resulting system of equations.

They are given below:

10 10 0 0 0 0 I =
Lot Loa] [ov) [oa] o [E ] e

Again we will not consider the first representation v — I and the second and third
representations are equivalent up to exchanging the variables. Next, we use Maple to
check for representations of the full algebra when v is represented by either

) oo

1
2
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For v given by either matrix above, Maple gives that the only representations for
the full algebra are those in which ¢ +— I. Recall that we do not wish to consider
such representations (Lemma 4.3.4) since they will give rise to factorable actions.

Therefore, we must have that that v is represented by the zero matrix.

Lemma 4.3.9. When v is represented by the zero matriz, v acts as the identity map

on monomials of even degree and the zero map on monomials of odd degree.

Proof. If a € A is a monomial of degree one, then v-a = 0. If a has degree two, then

it can be written as the product of two degree one monomials, a = be. Then
vea=v-be=(@w-b)(v-c)+ (1 —v)-b)((1 —v)-¢c)=0+bc =a.
The result follows by induction. [ |

Suppose that 7 is skew diagonal. Some computation gives that only the following
representation for A, (up to an automorphism scaling the generators of A) gives rise
to a non-factorable action:

1L V3 , -1 3 01
o i 2 |1, 0% ég ; ’Tl—>|:10:|,1}l—>0 (4.4)

_1
2 2

w

For brevity, we will not include the calculations for this example, but note the theo-

retical result is similar to what follows.

Finally, suppose instead that 7 is represented by a diagonal matrix. A Maple
computation yields that the following is the only representation for A4, into 2 x 2

matrices (up to automorphism in A):

1 3

13 ) 1 10

O'l—>|:€2 _4_51,0»%{_2 jf%]’TH{O 1:|,UI—>0 (4.5)
where £ is any nonzero complex number. Note that exchanging £ with its negation
simply transposes the representation for ¢ with that of 02 in (4.5). These two elements

are completely symmetric in terms of their relations in the Hopf algebra, so henceforth
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we will assume that ¢ is in the right half-plane, {z € C : &(z) > 0}. In particular, if
€ is real, then £ is positive. It is not difficult to check that this representation gives

rise to an action on A. To aid in computation later, we have the following lemma.

Lemma 4.3.10. Let a,b be monomials in A with even degree at least 2. When A,

is represented as in (4.5), we have the following relation: o -ab= (o -a)(o - b).
Proof. Making use of the Lemma 4.3.9, we have

o-ab= (ov-a)(oc-b)+ (c(1l —v)-a)(c? D)
=(o-a)(c-b)+0

= (0-a)(o-b),
as desired. ]

Example 4.3.11. Let A, be represented as in (4.5). The action on degree one
monomials is given by:
a~x:—%x+§y, Tox=—x, v-x=0

Toy= gt =5y, Toy=y, v-y=0

Notice that both 2% and y? are fixed under the actions of 7 and v. Hence, we have
(AY)" = k[a® y*| = T,
a commutative polynomial ring. The actions of 2% and »? under o are

o 12 =0+ (o(1 —v)-2)(c%z)

1
= ZwQ + &y — E29°.

and

oy =0+ (0c(1—v)-y)(c®y)

9 o 3 1,
———x" + —ry + —y°.
16e2” T ag Ty
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We now have enough information to begin calculation of the fixed algebra under this
action. Suppose a generic element of degree two, az? + By? € T, for some scalars
a, (3, is also invariant under the action of . Then we obtain a system of equations
from the relation ax?+ By? = o (az®+ By?). Maple gives the solution, 8 = —4&%a/3.
Thus we write a = 322 — 46%y?, as a generator of the invariant algebra. A similar
calculation on degree four elements emits no new solutions; in particular, the only

degree four invariant element is the square of a.

We now seek generators of degree six. If such an element is to be an independent
generator, that is, not a power of a, we can without loss of generality assume that
any % term can be subtracted off with an appropriate multiple of a®. Thus we
write b = ax® + Baty? + ya?y* for some scalars «, 3,7. Again, we solve the system
obtained from b = o - b. Using Lemma 4.3.10 it is not difficult to compute the action
of o on b, and using Maple to solve the resulting equations, obtain the generator

b= 2% + 82x%y? + 16£42%y*. Then we have,
B = k[a,b] C A*+

At this point, it is natural to inquire whether or not the two generators a and b are
algebraically independent. Let R = k[a] denote the algebra of all polynomials over k
in a. Suppose that b satisfies a polynomial, f € R[t]. We will show that f must be
the zero polynomial by inducting on the degree of f. We cannot have f be a nonzero
linear polynomial in b, by our construction of the element b, found above.

When deg f > 2, we begin by showing that f can have no constant term in
R. Suppose 0 = f(b) = ro +rib+ -+ + ryb" with , € R and r, # 0. Write
o = o9 + oqa + - + aa™ for scalars o € k. Without loss of generality, we
assume that «,, # 0. Since a = 3x? — 4£%y?, after expanding 7, in terms of z and
y, there is a term (obtained from «,,a™) containing y*™, but no other powers of

or y. This term cannot be canceled by any other term of f(b) since no power of
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b= 25 + 82x%y? + 16&%2%y* contains terms consisting solely of powers in y. Hence,

oy, = 0. Similarly, we must have a; = 0, for all other j. Thus, ry = 0. Then we have
0=f(b)=rib+- - +r,b".

We may divide both sides through by b to obtain 0 = 7| + r9b + -+ + 1,b" 7!, a
polynomial over R, satisfied by b, with degree strictly less than f. By our inductive
hypothesis, r1 =1 = -+ =1, =0, and f must also be the zero polynomial. Hence,

there are no relations between the elements a and b.

We conjecture that the algebra B = k|a, b] obtained above is equal to the invariant
subalgebra A“4+. Now deg(a) = 2 and deg(b) = 6, and standard calculation in formal

power series yields that the Hilbert series of B is given by:

1
Hs) =1+t +t*+2+288 + 2610+ 3¢12 ... = . 4.6
B(t) =1+ ¢7+1" +20° + 25+ 2¢ 7 + 3t * + -0 (4.6)

We will use Molien’s Theorem (4.1.11) to calculate the Hilbert series of the fixed
algebra. If they are the same, then B = A%+ since B is the unique commutative
algebra having the Hilbert series in (4.6). Recall (Lemma 4.3.2) that the element
p=gv(l+0+0>+7+70+70?) is a left integral for A, with e(u) = 1. Thus we

have
Hoga, (1) = T, 0) = 3 tr(ula, )17
n=0

Now p will act as the zero map on A,, for n odd since v acts the zero map on monomials
of odd degree. Thus, tr(u|a,,) = 0 for m odd and we need only compute tr(ula, ) for
even integers n. Thus, we may restrict to the subalgebra T = k[z?,¢y%] = (AY)" C A

for the purposes of calculation. We can simplify our calculation further. As an
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example, consider

,u-$2:%(1+0+02—|—T+UT+02T)U-$2
:é(1+0+02—|—7+07+027)-m2
:é((1+a+02)~x2+(1+0+a2)7‘x2
= é(2(1+0+02)-x2)

1
25(1+0+02)'x2.

Similarly, we may inductively argue that for any d € T that p-d = 3(14+ 0 +0?) - d.

Therefore, for any positive number n,

tr(ulz,) = 5 (tr(lln,) + tr(oln,) + tr(0®|z,))

Wl W]

(n+ 1)+ tr(ol|r,,) + tr(c®|n,)) -
However, we can do even better.
Lemma 4.3.12. For all n > 0, we have tr(o|z,,) = tr(o?|z,,).

Proof. The proof is combinatorial and utilizes the anti-symmetry in the actions of o

and 02 on 22 and 3. [ |

After this simplification we have that tr(p|g,) = 5(1 4+ n+ 2tr(o|p,)). If we are
to reproduce the series in (4.6), we must show that as n takes on the values 0, 1,2, ...

that tr(o|r,,) follows the repeating sequence
1 1
1,-,0,1,-,0,...
Y 27 ) ) 27 Y

so that for example, we want to show tr(uln,) = 3(1+0+2(1)) = 1, tr(uln) =
$(14+1+2(3)) =1, and tr(pln,) = 3(1+2+2(0)) = 1.
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Consider Tp. It has a single generator 1; and it easy to see that tr(o|p) = 1. In

T, there are two generators z2 and y?. Recall the action of o on these elements:

1
0~x2:zx2+£xy—£2y2
9 3 1
a2 2 2 202
oy 16&"23: +4£xy+4y

Thus, tr(o|n,) = 3+ 3 = 3. In Tj we have

1
4
4 2\2 12 2 2\2
7t = (0 a?) = (32 + Eay — €4
o2 = (020 -1) = (0 + €y — ) (st 4 Say + 1P
4 162" Tae’ g

3 1
2 2\2

oyt =(0-y")*=(

and some careful multiplication yields tr(o|r,) = (§)*+ ((3)* — 2+ %)+ (§)* =0, as
desired. Some Maple worksheets are appended which verify the calculation through

dimension 14. [ |

Remark 4.3.13. In the example above, it is not difficult to show that the invariant
algebra under the action of the group-like elements G(Ay) = (r,2v — 1) is AY =
(AV)" = k[22,y*] = T. Now, if B = kla, b] is indeed the invariant subalgebra A4+ we
make the following observation. The invariant algebra is regular (it is a polynomial
ring) making A, a “quantum reflection group” even though o is clearly not a reflection
of T, a polynomial ring. In fact o - 2?,0 - y*> ¢ T. Neither is ¢ a reflection of the

original algebra A [z, y]. [



Appendix A: Maple Worksheets

The following calculations were done in Maple. One can check that these confirm
the desired sequence of values for tr(o|r,, ). That is, these calculations verify that the

sequence

1 1

1,-,0,1,-,0,...
72777277

is correct up through dimension 14, that is n = 7. We have already shown these values

are correct for n = 0, 1,2 so these calculations begin with n = 3, that is, degree 6.



[ Denote x"2, y*2, and xy by new variables X, Y, and Z. Note that X and Y commute with everything, while Z"2= -XY. We will begin by
defining the variables 'sx' and 'sy', the respective actions of sigma on X and Y.

[ > sx:=1/4*X+a*Z-ar2*Y ;Sy:=-9/(16*an2)*X+3/ (4*a)*Z+1/4*Y;
X 2

sx:=—+aZ-a"Y
4

9X 32 Y
- +——+—
L 16a> 4a 4
[ We begin in degree 6. Consider the actions of sigma on x"6, X"4y"2, x"2y™4, y*6. By symmetry, we need only compute the action on x"4y"2.
This is because the coefficient of the x"4y”~2 term in s(x*4y”2) will be the same as the x"2y"4 term in s(x"2y”™4). The calculations of the x*(2n)
term in s(x"2n) are always easy, and are given by (1/4)n. Similarly, those for y*(2n).
> f24:=collect(collect(collect(expand(sx2*sy”1),X),Y),.Z);

3aZ ( 5a°Y sxj , [7XaY a’y? 15x2J a'yt mxa’v? 9x*  19xX%Y
+| - - + + -
4 4 16

sy =

f24 = - - +
8 4 64 a 4 16 256 a® 64

I Now we collect terms which give the coefficient of x*4y"2=X"2Y. Recall, when we use a term above containing Z"2, we must insert a negative
sign.

> trace6:=2*(1/4)"3+2*(3/16+19/64);

L trace6 := 1

[ Next we check degree 8. We need Maple to tell us the actions on x*6y"2 and x*4y"4. The rest of the information can be obtained by symmetry.
> f62:=collect(collect(collect(expand(sx*3*sy™1),X),Y),2);

387 oo (3.4, 3. 5,0 9 ,), [ 3axY* 3xay 3X° a’y' 3xa'y’ 15x%a’Y?
62 := —2a’Z’Y+|za Y+ Xa Y- X |Z+|-————+ - - v —
2 4 32 2 4 Ra 4 4 32
7x3y  oxt
64  1024a°

> f44:=col lect(collect(collect(expand(sx"2*sy”2),X),Y),2);
9z 9X 3aY)_, [ a¥® 2ixy 9x* ), ( 7xay® 2x’y &y 27 a'yt sxa’y?
fdd=——+|-"——-— |2 +| -+ - Z°+| - - + + -
16 16a 4 8 16 128a2 16 64a 4 o560 16 16
45X°Y 59x*Y?  g1x*

- + +
256 a° 128 4096 a*
> trace8:=2*(1/4)"4+2*(7/64-(-9/32))+(59/128-(21/16)+(9/16)) ;

1
trace8 :=—
L 2
[ Degree 10:
> f82:=collect(collect(collect(expand(sx*4*sy™1),X),Y),2);
3a°7° 11 3 7 1 9 3 15 21 39
82 := +(——a“\(+—a2 XJ Z“+[*a5Y2+*a3XY—*XZ aJ z3+(:a‘"’ Y-=Xxa' V- X3y — X2 azY] z
4 16 2 4 32 2 8 1287 732
[9a5XY3 51a°Xx2Y? 33x' 25X%ay a7Y4] a®Y' 13a°Y'x  9x®  21xfa'y? 20xPa’Y? 37 X'Y
- - + - | Z+—— - + - +
4 32 1024 a 64 4 4 16 4096 22 32 128 1024

> f64:=col lect(collect(collect(expand(sx"3*sy~2),X),Y).2Z);
9az 212°Y 27X, (5a°Y* 27xay 27X’)_, (3a'¥’ s57xa’Y* 45x° 9xX’Y),
- - |+ - |+ - z

f64 = - - + +
16 16 64 8 16 128a 8 32 51222 128
3a°XY® 87x?aY? 189x* 93X’y 3a’Y* a®Y® 21xa'yt 81X’ 69x%a’Y® 149Xx°Y? 261 X'Y
+ - - -+ + - + -
| U 16 7 128 T4006a° 2562 16 16 64 163844’ 128 512 40064
{ > tracel0:=2*(1/4)"\5+2*(37/1024-(-21/128))+2*(149/512-(9/128)+(-27/64)) ;
tracel0:=0
[ Degree 12:
> f102:=collect(collect(collect(expand(sx5*sy™1),X),Y),2Z2);
3a'2° (7 3 5 25 15 25 5 15
102 := +(:a5Y+*a3 XJ 25+(:a“xv+—a6 Y2-=a? xzj Z"+(*a3X2Y—5a7 Y-=a®xvi-—x® aJ z
2 8 8 4 64 16 4 64

5 55 105 15 75
+[—a8 Yir =Xy -—x*a' Y+ —Xxal Ya——x“] z
4 64 32 4 1024




[ 21X°  452°XY" 25a'XY' 652°X°Y? 85X‘ay ﬁ] a®y® 7a'YXx  28X°Y 55X%a°Yt X’

20" 18 8 e sz T2 )% 4 7 8 o e 1e3md
25x%a'y® 95 x*a’ Y?

L " ea T 1024

[ > f84:=collect(collect(collect(expand(sx*4*sy™2),X),Y),Z);

9a°2° (15, 9 s (57 ,. 81, 31, .\, (45Xay Y 53a°xY* 9x’ ),
f8d = oAy xa|Z | oxaY X at Y 2t | - e z

4
16 8 32 32 256 16 64 4 16 256 a
9a°y" 111xX®y 21x*a’Y® 3xa'y? 279x')
+| - - + + +
16 256 128 16 4096 a2
135%X° 75a°X°Y? 3a®xY' 211x*ay? 411x'y a’y® %Y 11a°Y°X 171x°y 159 x*atyt 81Xt
+ - + + - + + - - + +
8192 a° 64 32 256 2048 a 8 16 32 8192 a® 256 65536 a*
109 X3 a?Y® 559 X* Y2
=22l 27
L 256 4096

[ > f66:=collect(collect(collect(expand(sx*3*sy"3),X),Y),Z);
2712 27aY 81X ), [243XY 81X* 9a’¥’)_, [ 243X’y 7a’Y® s8ixaYy’ 189x°)_,
66 := +| - - ARS + + Z+| - + - +
64 32 128 a 128 1024 a® 64 256 a 16 64 1024 3
[ 3a‘y' 207Xy 783X°Y? 33xa’Y® 243X J )
+] - -

- Pa - 4
64 1024 a 512 64 16384 a
720X°  87x*aY® s51a°XY' 261X°Y? 1377 X'Y 3a’Y° aY® 15xa’'y® 1215X°Y 327 x*aY!
+| - - + - + - -——+ + -
32768 a° 256 128 1024 a 8192 a° 32 64 128 32768 a* 1024

729%x5 385 X3Y® 2943 X'Y?

- +
2621442° 1024 16384 a®
[ > tracel2:=2*(1/4)"6+2*(23/2048-(-75/1024))+2*(559/4096-(-111/256)+(-81/256))+(385/1024-(783/512
)+(243/128)-(27/64));
L tracel2 :=1
[ Degree 14:
> f122:=collect(collect(collect(expand(sx6*sy™1),X),Y),2Z);
3a°Z" (9 17 15 9 39 45 15 105 75
122 := +(*a"X—*aﬁ Yj Zs+(—*a5XY—*a3 X2 +—a’ YZJ zh[f—a8 Y +=a8 X v+ —a' Xy -—a’ X3J z'
4 16 4 8 64 4 4 16 64 256
25 165 135 15 95
+[*aﬂ("—*af’xzYZ-fx“aufaﬂx\(3+faax3\(jz3
4 32 1024 4 64

3 117 345 465 225 105
+[:a1° Yoo xiat Ve —— Xl Y+ — XPa Y - =X a® Y"J z?
4 4096 " 128 1024 32 16

[129 X°ay 33a’xY® 51x° 2858’ X°Y' 525XV’ 135a°X°Y° 3a Yﬁj a?y’ 15a°Y'x  141x°a’ Y
2008 8 1ess4a 64 1024 e a4 )P4 T 15 a0
69 X?a’Y® 55X°Y 155X%a°Y*  9X’ 195 X*a* Y3

| " 64 T 16384 256 55364 1024

[ > f104:=collect(collect(collect(expand(sx"5*sy™2),X),Y),Z);

9a°7’ 9 39 61 51 99 35 295 375 45
104 := +(——a2x-—a“Y]zh(l—ﬁaf’vz+—a3xv-—xzajz5+(——a5Y3——Xa"Y2+—x2azv——xajz“

16

64 16 32 256 16 64 256 1024
+[ 5a7Y“+315><“ 175a° X2 Y2 75X3aY+85a5XY3]ZS
16 4096a 128 256 16
112°Y°  549%X°  665X°a’Y? 1545X'Y  105X%a‘'Y® 135a°Y'X) _,
{ 16 1e38aa2 | 512 40% 128 64 jz
717X°Y  13a’XY®  351X°  465a°X?Y' 2225X‘aY? 3952’ XY a’Y® Y’ 23a°YPX 901 X°Y?
[_ 8192a 32 essasa® | 256 | 4006 256 16 ] T16 7 64 7 16384
1812°Y* x* 423x°y 595x%a’y’ 81X’ 995X‘a’Y?
| T 26 emsaea’ | 1024 2621442’ 4096

( > f86:=collect(collect(collect(expand(sx*4*sy"3),X),Y),2Z);



6 27a7 [ 135 X 81a2Y] . (63a3Y2 297XayY 81X ] . [19a4Y3 801X a?Y? 567 X2Y 837x3] .
= +| - - + + - - - +
64 256 64 64 128 1024 a 64 256 1024 4096 a2
312’y 513x' 1107 X%ay? 729X’y 55a°XYY)
+| - + + - + A
64 16384 a° 512 1024 a 64
3a°Y° 1701X° 855 X°Y? 1809X‘Y 1023X*a’Y® 231Xa'Y! 2
+| - - + + - +
64 65536 a* 2048 16384 a° 512 256
[3321 X°Y 39a°XY® 2187X°  123a®x?Y’ 6741X'Y? 559X°aY® 5a’Y® j , a®Y’ 31a°Y°X 5373 X°Y?
- - + - + + - -
32768 a° 128 262144 a° 1024 16384 a 1024 64 64 256 65536 a°
357X2a'Y® 3159X°Y 1867 X*a’Y' 729X’ 4483X'Y?
+ - - +
| 102 262144 a* 4096 1048576a° 16384
[ > traceld:=2*(1/4)"7+2*(55/16384-(-117/4096))+2*(901/16384-(-1545/4096)+(-45/1024))+2*(4483/1638
4-(855/2048)+(-567/1024) - (-135/256)) ;
1
traceld :=—
L 2

At this point, to continue, we will have to start calculating at least four terms at a time. A more general proof that the pattern continues is
required.
[>
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