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By the convexity of the function f deflned via f(t) = x!, we have that xY*! +
XN xon=2e 4 ydn=2e  Thys, returning to (53), we obtain
_ bn=2c dn=2e
2 1 i %
mini6ai;ig 1j§Xx

n n
1i (Lia=an;n)92+(1 j azan;n)?2°¢

2
= 2@ 2 A (57)
aia d=an:n

kArillkl -

In the case when a;; = & for all i, (57) gives ;
a2 . (Lias)i e ama)Pic

as required. —

(58)
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1. Introduction

This note provides a new bound for 1—norms of positive triangular matrices with
monotonic column entries. The main theorem refines a recent inequality of Vecchio
and Mallik [11]. We refer the reader to Vecchio [10] and Vecchio and Mallik [11]
(and the references therein) for discussion of applications particularly those to
stability analysis of linear methods for solving Volterra integral equations. Other
references on the topic include [4]-[7] and [9].

The matrices of interest here are n x n truncations of infinite lower triangular
(real) matrices, i.e.

ai
a1 a2
Ay, = |a31 az2a33 . (1)

an,1 *°°  * Qpn—1 ann

The following result was proven in [11].

Theorem 1.1: Assume that

(l) ai,j2a>0, j=1....n, 1=4,...,n,

*Corresponding author. Email: berenhks@Qwfu.edu

ISSN: 0308-1087 print/ISSN 1563-5139 online
© 2008 Taylor & Francis

DOI: 10.1080/03081080XXXXXXXXX
http://www.informaworld.com

29



June 9, 2008

11:23 Linear and Multilinear Algebra LMAtgnvsubmitst2

2 K. S. Berenhaut, R. T. Guy and N. G. Vish
(“) aj,jzaj-i-l,jZ"'Zan,j} jzlv"‘7n7
and let
Amin = . min {ai,i}7 (2)
= n

=1,...,

and B,, = [bi,j] be the inverse of the lower triangular matriz A,. Then

L 2 (3)

min a

[1Bnll1 <

The result in (3) was first proven in the case of triangular Toeplitz matrices in
[10] and improved, in this case, to the following in [3].

Theorem 1.2: Suppose that the sequence {a;}i>o satisfies

ag > a1 >ag > --ap >a >0, (4)

for some constant a and all n and

ao
a ap
Cn = as aj ag . (5)
Qp --+ - Q1 Qg
Then
10 < 2 (1 pla,ao)T51) (6)
n — a ?

where p is the inverse ratio defined via

plz,y) =1—x/y, (7)
and, in particular

2

IC I < 2,

(8)

independent of ag and n.

The following result was recently proven in [2]. The theorem extends Theorem
1.2 (to non-Toeplitz matrices) and refines Theorem 1.1 in the case of constant
diagonal.

Theorem 1.3: Assume that the hypotheses of Theorem 1.1 are satisfied and in
addition that

a11 <ag2 < - < app. (9)
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Then
9 (5] [5]
IBnllx < = (a””> (1 _ A ann) 24 P8 ) 2 ) (10)
a ai1 2
In particular, if
a1,1 = a2 = - =dA4pn = CL*, (11)
then
2 pla,a* [%-I + p(a, a* LIELJ
IBalh < 2 (1— o0t o) (12)
a 2
and hence
2
1Ball < (13)

independent of a*.

Note that triangular matrices satisfying (11) arise in the study of linear groups
(see for instance [8]) and are particularly important in the theory of matrix de-
compositions.

Motivated by the above results, here we will improve on Theorem 1.1 by showing
that the term 1/am:pn in (3) is not needed and in addition that the new bound is
in a sense best possible. In particular we will prove the following.

Theorem 1.4: Assume that the hypotheses of Theorem 1.1 are satisfied. Then

2
Bl < —. 14
I1Bally < 2 (14)
In fact, setting
An(a) = {A = [aijlnxn | A satisfies (1), (i) and (i)}, (15)
we have
sup HAilHl =2/a. (16)

AU, 51 An(a)

The reader is referred to [1] for some discussion of bounds for inverses of matrices
of the form in (1) when the condition of monotonicity within columns is replaced
with that within rows.
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2. Preliminaries and notation
In order to prove Theorem 1.4 we will need several results mentioned in [11]; for

completeness we will prove the necessary preliminaries here.
First, define the sequence {U; ;} via U; ; =01if j > i, U; ; = 1/a; ; and for i > j,

Ui,j = Z :7,Ul,j- (17)

Note that for i > j, U;; = u;;, where [u; ;] is the fundamental matrix as defined
in Equation (2.10) in [11].
We have the following (see also Theorem 2.1 in [11]).

Lemma 2.1: Under the assumptions of Theorem 1.1,
Un,j >0, (18)

for all m,j > 1.

Proof. For fixed j > 1, we have U; j = 1/a;j > 0. Thus assume the result holds
form =j,...,i— 1, for some i > j 4+ 1. Then, by Assumption (ii), the induction
hypothesis, and the definition in (17),

] i—1 1 i—1
Uj=—11- Zaz‘,lUl,j >—|1- Zaz‘—l,lUl,j
Qi = Qi =
—2
Qi—1,i—1 1 — Gi 1]
> > Uy~ Ui | =0. (19)
Qg4 Ai—14—1 = Ai—1,4—1

and the result follows. |

Note that in the line corresponding to (19) in the proof of Theorem 2.1 in [11]
there is a missing negative sign.

Now, note that the lower triangular matrix B,, = [b; ;] = A, satisfies b;; =
1/a;; and for 1 < j <i <n,

a;
bij=3 —lby, (20)

(see for instance [1]).
The next lemma is essentially a restatement of Equation (2.13) in [11].

Lemma 2.2: Foralll1 <j<i<n,

bij =Uj—Uijt1. (21)

Proof. For fixed j > 1, we have U; ; — Uj j+1 = U;; = 1/a;; and for i > j,
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1 i—1 a 1 i—1 a
i, 1,0
Uij —Uijp1 = — — Uj—|—— Ulj+1
ag g Qj g a; g Qj g
9 l: b 9 l ]+1 b
1—1 a
il
= (Uij — Usj+1)
Qg g

(22)

The last equality in (22) follows since Uj ;41 = 0 (contrast with the definition of

wjj1 i [11]).
The result follows upon comparing (20) and (22). |

3. Proof of the main theorem

We are now in a position to prove Theorem 1.4 (contrast the proof below with that

of Theorem 2.3 in [11]).

Proof of Theorem 1.4. First note that by employing the definition in (22), (i),

(ii) and Lemma 2.1, we have

a a

Aj+1,5+1 [ Qj+1, Aj+1,5+1 1 1
Ujj = Uji | = —Ujr1g ) < - (23)

Aj+1,54+1 Aj+1,54+1

Similarly

G G oo
J+2,5+2 342,75 J+2,5+1
Ujj +Ujt1,; < < Uj; + Uj+1,j>

J
a Aj+2,5+2 aj+2,5+2
_ Q542,542 1 R
= - ] —Uji+25 | = 7>
a @j+2,j+2 a
and in general for m > j,
“ a a
m~+1,m-+1 m~+1,1
E U < . g . U
i—j I—j m+1,m-+1
_ Om+41,m+1 1 < 1
a Am4+1,m+1 a

Employing Lemma 2.2, we have
n n
1Bl = max > |biyl = max > |Uij— Uil
]:1,...,71 .. ]:17"'777' .
i=j i=j

n n

< max E Uiyj + E Ui7j+1
J=l...n \ — —
=] =]

Now, noting that Uj j11 = 0, (25) gives

33
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n 1 n
ZUi’j S g and ZUi’j+1 S . (27)
=J

=7

The bound in (14) then follows upon applying (27) in (26).

Considering the apparent looseness in the inequality in (26), it is perhaps sur-
prising that for large n, (14) is in fact optimal. In order to prove (16) we need
to show that, in the limit, the bound in (14) is attained. To that end, suppose
a;j =a* > 0for i —j € {0,1} and a;; = a otherwise. It is easy to verify in this
case, that for 1 < j <i<mn,

b = (—1)1‘—]'% (1 _ 3) 5] , (28)

a*

and hence,

n
1A =) [bial
i=1

- SRS 4]
I (R R WL (B
s oy 1311 o
T 1_0(‘m)+i20(‘a*)
-2 1_p<a,a>‘<>[’ﬂ;p(a,afﬂ?J (29)

The result follows upon letting n tend to infinity in (29). |
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Chapter 5: Conclusion and Future Research

This thesis has examined solutions to difference equations of convolution type
and their related applications in matrix analysis, and has developed some reasonably
broad results. We used local properties of {b,} to extend work of Elaydi which had
considered {b,} only in the limit. But as demonstrated in Example 1 of Chapter 2,
local consideration of {b,} is absolutely crucial if we wish to have any real under-

standing of the sequence’s impact on {x,}.

It should be noted that all our results use a specific local property of {b, }, namely
monotonicity. Considering this, it would be a logical next step to extend our consid-
eration to sequences of monotone type, including quasi-monotone sequences. There
are often ready extensions of monotone results in the study of quasi-monotone se-
quences, but it remains to be seen if our techniques would find traction. Looking
beyond quasi-monotone sequences, any family of sequences in which local behavior is

governed by a global restriction presents an opportunity for further investigation.

Of course, future developments in any of these cases may be used to consider
bounds on matrices. At present, working from the foundation of difference equations

seems to be an effective means of obtaining bounds for matrix inverses.
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